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A novel “blind and evade” guidance concept for an aerial target,
which is exposed to a threat of two homing missiles, is presented.
Each missile is assumed to measure solely its own line-of-sight (LOS)
angle and share it with the other missile. Such information sharing
enables the missiles to form a triangular measuring baseline relative
to the target and to improve their estimation accuracy. However, if
the separation angle between the two LOS vectors is small enough,
the observability of such double-LOS measuring approach becomes
weak. Motivated by this observation, the idea of the proposed concept
is to bring the missiles on the same LOS with the target, i.e., blinding
them, and then perform an appropriately timed target evasive ma-
neuver. The target’s guidance law is derived under the assumption of
perfect information and formulated as an optimal control problem.
Simulation results demonstrate the potential of the proposed defense
concept.
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I. INTRODUCTION

Modern highly sophisticated missiles are able to engage
and destroy a large class of aerial targets such as unmanned
aerial vehicles, civil or military aircraft [1], [2]. Systems
developed in the past decades to increase the target’s pro-
tection capabilities are electronic countermeasures (jam-
mers), various kinds of decoys (e.g., chaff or flares), and
target defending missiles [3]–[6]. These options might be
very often too complex, heavy, and expensive. On the other
hand, the target may perform an evasive maneuver, which
can be either arbitrary [7] or optimally adjusted against the
incoming missile. Optimal deterministic one-on-one eva-
sive strategies against a missile employing a class of linear
guidance law exist, see for instance [4], [8], [9]. In the
derivation of these approaches, it was assumed that the
missile has perfect information about the target. However,
in realistic interception scenarios with noise corrupted mea-
surements, perfect information about the target’s states is
seldom available. Therefore, an estimation algorithm is an
inevitable part of any modern missile guidance system.

Most tactical missiles are equipped with affordable in-
frared (IR) sensors, which allow to measure the LOS an-
gle between the missile and target. Target-tracking and
observability-enhancing guidance systems in homing mis-
siles that use bearings-only measurements have been com-
prehensively studied in the past [10]–[15]. In recent years, a
strategy of launching multiple missiles has been perceived
as a very effective way to increase the success rate of an
attack. In scenarios where multiple missiles can share their
respective LOS angle measurements, the missiles’ estima-
tion performance can be significantly improved by exploit-
ing the triangulation structure between the missiles and the
target. The advantages of such information-sharing esti-
mation concept on the interception performance are well
documented in the literature [16]. The estimation quality,
however, strongly depends on the missiles’ trajectories. Re-
gardless of the filter design methodology, a general conclu-
sion has been drawn that if the separation angle of the
respective LOS vectors is too small, the relative kinemat-
ics may become weakly observable or even unobservable.
Consequently, the interception performance of such missile
guidance system is limited by the estimation accuracy.

Recently, an effort has been made to enhance the esti-
mation accuracy of the multi-LOS angle measuring concept
by modulating the LOS angles in opposite directions [17],
by staggering launch of the missiles [18], and by enforcing
a relative intercept angle between consecutive missiles [6].
While all the works discussed earlier emphasize estimation
enhancement of the cooperating missiles against a single
target, in this paper, the problem is posed from the target’s
perspective. Taking into account the observability issues of
the multi-LOS measuring environment, the desire of the tar-
get is to shape the trajectories of the homing missiles such
that their LOSs with the target coincide. When this occurs,
the missile-target ranges become hard to estimate and the
missiles are said to be blinded. Then, to help the target to
increase its probability of survival, an appropriately timed
evasion maneuver is considered.
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Fig. 1. Planar engagement geometry.

The proposed target’s blinding-evasion guidance law is
derived under the assumption of perfect information, lin-
earized engagement model, and is formulated as an opti-
mal control problem with a running cost on the missiles’
LOS separation angle and target’s control effort. It is as-
sumed that the missiles are guided toward the target using a
known linear guidance law and that they are not aware of the
blinding intentions of the target. An extended Kalman filter
(EKF) based cooperative target tracking estimation algo-
rithm is proposed assuming a Singer acceleration model of
the target’s maneuvers. This maneuver model is discretized
for the nonlinear estimation model. Using Monte Carlo
(MC) simulations, the viability of the proposed blinding-
evasion concept is demonstrated against attacking missiles
employing classical guidance laws of proportional naviga-
tion (PN), augmented PN (APN), and optimal guidance law
(OGL).

Notations: Bold-italic face denotes vectors and matri-
ces; (·)T stands for transposition; 0 represents a matrix of
zeros, and I an identity matrix, both with appropriate di-
mensions. R

n×m denotes a set of n×m real matrices and
N (μ, σ 2) denotes a Gaussian density function with mean
μ and variance σ 2.

II. ENGAGEMENT

The studied engagement scenario consists of two hom-
ing missiles and an aerial target. For brevity, the attacking
missiles are referred to as missiles and the aerial target as
target. We consider skid-to-turn and roll-stabilized vehicles.
A schematic view of the planar point mass engagement ge-
ometry is shown in Fig. 1. The Cartesian inertial reference
frame is denoted by XI−OI−YI . The speed, normal ac-
celeration, and flight-path angle are given by V , a, and γ ;
subscript i ∈ {1, 2} and t denotes the ith missile and the
target, respectively. The pair (xpj , y

p

j ), j ∈ {1, 2, t} stands
for the absolute position of the j th vehicle. The range be-
tween the target and the ith missile is denoted as ρi . The
angle between the ith missile-to-target LOS and theXI axis
is denoted as λi . The LOS separation angle �λ will play a
crucial role in the target’s blinding guidance law derivation.

A. Kinematics and Dynamics

Neglecting the gravitational force, the engagement kine-
matics from Fig. 1, expressed in a polar coordinate system

(ρi, λi) attached to the ith missile, is1

{
ρ̇i = Vρi
λ̇i = Vλi/ρi

, i ∈ {1, 2}. (1)

The relative velocities along
(
Vρi

)
and normal (Vλi) to the

LOS are

Vρi = −Vi cos(γi − λi) − Vt cos(γt + λi), (2)

Vλi = −Vi sin(γi − λi) + Vt sin(γt + λi). (3)

During the endgame, all vehicles are assumed to be
flying at constant speeds and to perform lateral maneuvers
only. Arbitrary-order linear dynamics is assumed for all
vehicles, i.e.,⎧⎨

⎩
ẏj = Aj yj + Bjuj
aj = Cj yi +Djuj
γ̇j = aj/Vj

, j ∈ {1, 2, t} (4)

where yj ∈ R
nj is the internal state vector of the j th vehi-

cle’s internal dynamics, aj anduj are the j th entity’s normal
acceleration and acceleration command, respectively.

In (4), the term Cj yj is denoted as asj and represents,
if it exists, the part of the acceleration with dynamics (e.g.,
an angle of attack generating lift). The second part of the
acceleration, i.e.,Djuj , represents the direct lift, which can
be obtained immediately from deflection of the steering
mechanism such as the canard or tail.

We assume that all vehicles have maneuverability limi-
tations defined as

|uj | ≤ ūj ∀j ∈ {1, 2, t} (5)

where ūj > 0 is the j th vehicle’s maximal acceleration.

B. Timeline and Time-to-Go

The running time is denoted as t . The endgame initiates
at t = t0 = 0 with ρ̇i(t0) < 0, ∀i ∈ {1, 2}. The ith engage-
ment terminates at t = t

f

i , where tfi is the fixed interception
time of the ith missile defined as

t
f

i � arg
t>0

inf{ρi(t)Vρi(t) = 0} ∀i ∈ {1, 2}. (6)

The interception time tfi allows us to define the nonnegative
time-to-go tgo

i of the ith missile as

t
go
i �

{
t
f

i − t, t ≤ t
f

i

0, t > t
f

i

∀i ∈ {1, 2}. (7)

At t = t
f

i , the separation ρi(t
f

i ) is minimal and it is referred
to as “miss distance” or compactly as “miss.”

Without loss of generality, it is assumed that the missiles
are numbered based on their interception times satisfying

t
f

1 ≤ t
f

2 . (8)

1For notational simplicity, the reference to the independent time variable
“t ′′ will be omitted whenever the context is clear.
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C. Missiles’ Measurement Model

We assume that each missile is equipped with an IR
sensor only and that both missiles acquire their LOS an-
gle measurements at the same discrete-time t = tk � kT ,
where T > 0 is a constant measurement sampling period.
Furthermore, the ith missile measurement,2 zi;k , is assumed
to be contaminated by a zero-mean white Gaussian noise
with a fixed standard deviation σλi . Based on the above
assumptions, the physical measurement model of the ith
missile at time tk is

zi;k = h(xi;k) + vi;k � λi;k + vi;k, i ∈ {1, 2} (9)

where xi;k is the estimated state vector (being defined later)
and vi;k is the measurement noise satisfying

vi;k ∼ N (0, σ 2
λi).

The measurement noises of the missiles are assumed to be
mutually independent, therefore, E[v1;kv2;k] = 0.

Next, we will assume that each missile can transmit
its own-ship measurement to the other missile without any
delay and that the relative positions between the missiles

{
x̃ij � x

p

i − x
p

j

ỹij � y
p

i − y
p

j

, i, j ∈ {1, 2} (10)

are known accurately (e.g., using inertial navigation system
and/or GPS sensors). Such an information exchange may
enable the missiles to form a relative measuring baseline
with respect to the target. Hence, if target tracking and es-
timation is performed using measurements from both mis-
siles, the measurement model of the ith missile becomes

zk �
[
z1;k

z2;k

]
= hi;k(xi;k) + vk (11)

where hi;k � [h1
i;k(xi;k) h2

i;k(xi;k)]T and vk � [v1;k v2;k]T .
In (11), the measurement from the j th missile is ex-

pressed using the ith missile relative states as (j �= i)

h
j

i;k(xi;k) = tan−1

(
ỹij ;k + ρi;k sin(λi;k)

x̃ij ;k + ρi;k cos(λi;k)

)
(12)

where x̃ij ;k and ỹij ;k are the relative positions (10) taken
from the kth time frame. For j = i, hji;k(xi;k) degenerates
to h(xi;k) defined in (9).

We assume that if the ith missile passes the target (tgo
i =

0), then it stops transmitting measurements to the other
missile.

III. ESTIMATOR DESIGN FOR THE MISSILES

To implement a homing guidance law in realistic sce-
narios, some variables must be estimated from the available
noise-corrupted measurements. Therefore, in this section,
we incorporate a relatively simple measurements-sharing

2Hereafter, the subscript k, separated by a semicolon, will denote the
discrete-time tk .

target tracking estimator in order to demonstrate the esti-
mation effect on the homing accuracy of the missiles.3

A. Target Maneuver Model

To model the target maneuvers, we consider the Singer
acceleration model [19]. This model represents the corre-
lation function r(τ ) of the target acceleration at (t) to be a
scalar stochastic process with exponentially decaying auto-
correlation

r(τ ) = σ 2
t e

−α|τ | (13)

where σ 2
t is the instantaneous variance of the target accel-

eration and α > 0 is the reciprocal of the time constant of
the target acceleration autocorrelation [20]. For example,
α 	 1/60 for a lazy turn, α 	 1/20 for an evasive maneu-
ver, and α 	 1 for atmospheric turbulence [19]. Singer [19]
suggested to choose σ 2

t as follows

σ 2
t = ū2

t (1 + 4Pmax − P0)/3 (14)

where Pmax is the probability of the target accelerating at
±ūt and P0 is the probability of the target not maneuvering.

The state equation corresponding to (13) is

ȧt (t) = −αat (t) + w̃(t) (15)

where w̃(t) is a zero-mean white Gaussian process with the
following autocorrelation function

E[w̃(t + τ )w̃(t)] = 2ασ 2
t δ(τ ) (16)

where δ(τ ) is the Dirac delta function.

B. Estimation Model

Assume that missile-related parameters such as yi , γi ,
andVi are known accurately. Most guidance laws are imple-
mented in relative polar coordinates (ρi, λi), see for exam-
ple, the classical guidance laws in Appendix A. Therefore,
we define the state vector of the target for the ith missile
estimator in such a coordinate system, i.e.,

xi �
[
ρi λi γt at Vt

]T
, i ∈ {1, 2}. (17)

Using the Singer model (15), the equations of motion
(EOM) for the ith estimator design become

ẋi = f i(xi) �

⎡
⎢⎢⎢⎣

Vρi
Vλi/ρi
at/Vt

−αat + w̃

0

⎤
⎥⎥⎥⎦ (18)

where Vρi and Vλi are given in (2) and (3), respectively.
The discrete-time version of (18) can be compactly writ-

ten as

xi;k = f i;k−1(xi;k−1) + wi;k (19)

where xi;k is the state vector of the ith missile at time
tk , f i;k−1 is a vector function obtained by integrating (18)

3Clearly, another estimation scheme or target maneuver model could be
considered, although we expect a similar trend in the estimation effects.
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from tk−1 to tk with w̃ = 0. In (19), wi;k is a vector valued
zero-mean white noise sequence, which relates to the scalar
continuous-time process w̃ as follows

wi;k =
∫ tk

tk−1

e(tk−τ )Fi;k Gw̃(τ )dτ (20)

where G = [
0 0 0 1 0

]T
and Fi;k is the Jacobian

matrix associated with (18) and evaluated at x = xi;k−1,
i.e.,

Fi;k � ∂ f i(x)

∂x

∣∣∣∣
x=xi;k−1

. (21)

It is assumed that Fi;k is fixed during the time interval
(tk−1, tk〉. Denote sin(γt+λi) by si and cos(γt+λi) by ci ,
then

∂ f i(x)

∂x
=⎡

⎢⎢⎢⎢⎣

0 Vλi siVt 0 −ci
−Vλiρ−2

i −Vρiρ−1
i ciVtρ

−1
i 0 siρ

−1
i

0 0 0 V −1
t −atV −2

t

0 0 0 −α 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦ .

With the zero-mean and white assumption on w̃(t), it fol-
lows that

E[wi;k] = 0, E[wi;kw
T
i;l] = Qw

i;kδkl (22)

where δkl stands for the Kronecker delta function and Qw
i;k

is the covariance matrix of wi;k , satisfying

Qw
i;k = 2ασ 2

t

∫ tk

tk−1

e(tk−τ )Fi;k GGT e(tk−τ )FT
i;kdτ. (23)

Using the first-order Taylor series approximation of
e(tk−τ )Fi;k , the above integral can be easily solved. Con-
sequently, Qw

i;k can be approximated as

Qw
i;k ≈ 2T ασ 2

t

[
GGT + T

2
G̃i;k + T 2

3
Fi;kGGT FT

i;k

]

(24)
where T = tk − tk−1 and G̃i;k = Fi;kGGT + GGT FT

i;k .

C. Extended Kalman Filter

The estimation model (18) is nonlinear, thus an EKF is
used to estimate xi;k for the ith missile.

1) Time Propagation: The state estimate of the ith
missile’s filter at time tk using measurements up to time
tk−1, x̂i;k−1|k−1, is propagated from tk−1 to tk using (18)
with wi;k = 0. The prediction error covariance matrix is
propagated as

P i;k|k−1 = �i;k P i;k−1|k−1�
T
i;k + Qw

i;k (25)

where �i;k � exp(T Fi;k) is the state transition matrix, Fi;k

is the state Jacobian matrix (21) evaluated at x = x̂i;k−1|k−1,
and Qw

i;k is given in (24).

2) Measurement Update: This stage depends on
whether the measurements have been exchanged or not.

For the case when both measurements are available, the
predicted state estimate x̂i;k|k−1 is updated as

x̂i;k|k = x̂i;k|k−1 + K i;k
(
zk − hi;k(x̂i;k|k−1)

)
(26)

where K i;k is the Kalman gain matrix given by

K i;k = P i;k|k−1 HT
i;k

(
H i;k P i;k|k−1 HT

i;k + Rv
)−1

. (27)

Here, Rv = diag{σ 2
λ1, σ

2
λ2} is the covariance matrix of vk

and

H i;k � ∂hi;k(x)

∂x

∣∣∣∣
x=x̂i;k|k−1

=
[
H
ρ1
i;k Hλ1

i;k 0 0 0
H
ρ2
i;k Hλ2

i;k 0 0 0

]∣∣∣∣∣
x=x̂i;k|k−1

(28)

is the measurement Jacobian matrix derived from (11). The
scalar parameters Hρj

i;k and Hλj

i;k are given by

H
ρj

i;k = x̃ij sin(λi) − ỹij cos(λi)

x̃2
ij + ỹ2

ij + ρ2
i + 2ρi

(
x̃ij cos(λi) + ỹij sin(λi)

)

H
λj

i;k =
(
x̃ij cos(λi) + ỹij sin(λi) + ρi

)
ρi

x̃2
ij + ỹ2

ij + ρ2
i + 2ρi

(
x̃ij cos(λi) + ỹij sin(λi)

) .
In (28), ρi and λi are substituted with the appropriate val-
ues from the estimated state vector x̂i;k|k−1. The missiles’
relative positions x̃ij and ỹij are considered from the kth
time frame. Finally, the estimation error covariance matrix
is updated via

P i;k|k = P i;k|k−1 − K i;kH i;k P i;k|k−1. (29)

If the measurements have not been exchanged (e.g., be-
cause one of the missiles ceased to exist, or due to sensor
error or blind range of the sensor), then the measurement
update stage of the ith missile estimator is performed us-
ing the own-ship measurement (zi;k) only. In this case, the
measurement Jacobian matrix and measurement noise co-
variance matrix degenerate to

H i;k = [
0 1 0 0 0

]
, Rv = [σ 2

i ] (30)

and hi;k(x̂i;k|k−1) in (26) is replaced by (9).

REMARK 1 In this paper, we assume that estimation is
always performed using shared measurements unless one
of the missile’s ceases to exist.

D. Observability Analysis

The range between the target and the ith missile, i.e.,
ρi , can be related to the noisy LOS measurements of the ith
and the j th missile and to their relative position (ρij , λij )
as follows

ρ
†
i;k = ρij ;k

sin
(
λij ;k − zj ;k

)
sin

(
zi;k − zj ;k

) , i �= j (31)

where

ρij ;k =
√
x̃2
ij ;k + ỹ2

ij ;k, λij ;k = tan−1

(
ỹij ;k

x̃ij ;k

)
.
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The range ρ†
i;k can be viewed as a pseudomeasurement of

ρi at time tk . Using (9) in (31), it is easy to show that ρ†
i;k is

distributed according to [17]

ρ
†
i;k ∼ N (

ρi;k, σ
2
ρi;k

)
(32)

where ρi;k is the true range at time tk and σρi;k is the nonsta-
tionary standard deviation of ρ†

i;k , given by (the subscript k
is omitted to avoid excessive indexing)

σρi = ρij

×
√
σ 2
j sin2(λij − λi) + σ 2

i sin2(λij − λj ) cos2(λi − λj )

sin2(λi − λj )
.

Letting |λi − λj | → 0 in the above expression yields

lim
|λi−λj |→0

σρi = ∞, i �= j, ρij �= 0. (33)

This limit holds also when |λij − λl| → 0, l ∈ {i, j}.
From (33), it can be concluded that if the difference

between the two LOS angles λ1 and λ2 becomes very small
(close to zero), the variance of the pseudomeasurement ρ†

i;k
increases, which in turn shall make the range of the ith
missile unobservable from the other missile perspective.
In other words, the shared measurements will contain the
same information as the measurement of the either missile.

IV. TARGET’S BLINDING-EVASION GUIDANCE

Based on the discussion in the previous section, the
observability of the double-LOS measuring scheme may
become weak when |λ2 − λ1| is small enough. Define the
difference between these two angles as

�λ � λ2 − λ1. (34)

This difference will be referred to as the LOS separation
angle.

If �λ → 0 (i.e., both missiles are on the same LOS
with the target), then the range becomes weakly observable
and we say that the “missiles are blinded.” This is expected
to lead to a significant deterioration of the missiles’ es-
timation accuracy, especially of the range, target’s speed,
and time-to-go estimates. As a consequence, poor estima-
tion performance may lead to poor homing accuracy of the
missiles.

In this section, we aim at developing a guidance strategy
for the target that will minimize |�λ| and will perform an
evasive maneuver once the missiles are blinded.

A. Linearized Kinematics for Guidance Law Derivation

We will perform the derivation of the target’s blinding
guidance law based on a linearized model. If during the
endgame the missiles and target deviations from the re-
spective collision triangles are small, then linearization is
justified [21].

Fig. 2 shows a schematic view of the linearized planar
engagement geometry of the ith missile and the target.
The Xi axis aligned with the LOS used for linearization
is denoted as LOSi;0. The relative displacement between

Fig. 2. Linearized planar engagement geometry.

the target and the ith missile normal to this direction is ξi .
The acceleration of the ith missile and the target normal to
LOSi;0 is denoted by a⊥

i and a⊥
ti

, respectively, and satisfy

a⊥
i = kiai, ki = cos(γi;0 − λi;0) (35)

a⊥
ti

= kti at , kti = cos(γt ;0 + λi;0) (36)

where ki and kti are the linearization parameters of the ith
engagement. The subscript “0” denotes the initial value
around which the linearization has been performed.

The LOS separation angle�λwas defined in (34) using
the LOS angles that relate to the nonlinear model given in
(1). Suppose that |λ2;0 − λ1;0| is sufficiently small, then�λ
can be approximated as

�λ ≈ sin
(
λ2 − λ2;0

) − sin
(
λ1 − λ1;0

)
� xλ. (37)

From Fig. 2, xλ can be expressed using the linearized vari-
ables ξ1 and ξ2 as follows

xλ = ξ2/ρ2 − ξ1/ρ1. (38)

Based on the constant speeds and linearization assumptions,
the ith range ρi can be approximated as

ρi ≈ Vcit
go
i (39)

where

Vci = Viki + Vtkti

is the constant closing speed of the ith engagement. Differ-
entiating (38) with respect to time and using (39) yields

ẋλ = ξ̇2

Vc2t
go
2

+ ξ2

Vc2(tgo
2 )2

− ξ̇1

Vc1t
go
1

− ξ1

Vc1(tgo
1 )2

. (40)

Let the missiles’ internal states and controls be gathered
in the following vectors

ym �
[

yT1 yT2
]T
, um �

[
u1 u2

]T
.

Now, define the state vector of the linearized blinding guid-
ance problem as

x �
[

xTξ xTdξ yTm yTt xλ
]T

(41)

where xξ is a vector of the two relative displacements, i.e.,

xξ = [
ξ1 ξ2

]T �
[
x1 x2

]T
and xdξ is its derivative, i.e., a vector of relative speeds
normal to the respective initial LOSs.
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The EOM associated with the state vector (41) are⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = x3

ẋ2 = x4

ẋ3 = kt1at − k1a1

ẋ4 = kt2at − k2a2

ẏm = Am ym + Bmum
ẏt = At yt + Btut

ẋλ = − x1

Vc1(tgo
1 )2

+ x2

Vc2(tgo
2 )2

− x3

Vc1t
go
1

+ x4

Vc2t
go
2

(42)
where Am and Bm are block diagonal matrices defined as:
Am � diag{A1, A2} and Bm � diag{B1, B2}.

We assume that the guidance law of the ith missile can
be represented in the following linear form [21]

ui = K1
i ξi +K2

i ξ̇i + Km
i yi + K t

i yt +Ku
i ut (43)

where each parameter can be, in general, a function of tgo
i .

This representation allows us to consider a large class of lin-
ear guidance laws, commonly derived under the assumption
of linear kinematics, perfect information, and unbounded
controls. The well-known classical guidance laws of PN,
APN, and OGL can also be represented in the form of (43),
see Appendix A.

Finally, using (43), we can write the matrix form of the
linearized equation set (42) as

ẋ(t) = A(t)x(t) + B(t)ut (t), x(0) = x0 (44)

where

A(t) =

⎡
⎢⎢⎢⎣

0 I 0 0 0
A◦

21 A◦
22 A◦

23 A◦
24 0

A◦
31 A◦

32 A◦
33 A◦

34 0
0 0 0 At 0

A◦
51 A◦

52 0 0 0

⎤
⎥⎥⎥⎦ , B(t) =

⎡
⎢⎢⎢⎣

0
B◦

2
B◦

3
Bt

0

⎤
⎥⎥⎥⎦ .

The matrices A◦ and B◦ are given in Appendix B. Note that
both A and B are in general functions of the independent
time t , see the definition of tgo

i in (7).

REMARK 2 The assumption that ui may be dependent on
ut arises from the fact that if the missile uses an optimal-
control-based guidance law, then the underlying assumption
in its derivation was that the target’s controller is known not
just at the current time but also from the current time until
the end of the scenario [4].

B. Optimal Blinding Controller

Define the interception time of the shortest engagement
as4

tf � min
i∈{1,2}

t
f

i . (45)

We chose a quadratic cost function J , which combines
minimization of the LOS separation angle xλ and minimiza-

4The rationale for defining tf as in (45) (instead of tf � t
f

1 ) is explained
in Section IV-D.

tion of the target’s control effort ut , as follows

J = 1

2

∫ t
f
s

t0

[
Q(τ )x2

λ(τ ) + Ru2
t (τ )

]
dτ (46)

where tfs ≤ tf is a fixed blinding time (duration) being
specified later, R > 0 is a constant weight on the target’s
control effort, and

Q(τ ) � η

t
f
s − τ

(47)

is a time dependent weighting factor on the approximate
LOS separation angle with η ≥ 0.

Suppose that xλ is completely controllable on the closed
interval t ∈ 〈0, tfs 〉 by the target’s control ut [22], then the
optimal state-feedback solution that minimizes the above
cost function subject to the system dynamics (44) is given
by [23]

u
t (t) = −R−1 BT (t)P(t)x(t), t ∈ 〈0, tfs 〉 (48)

where u
t is the target’s optimal controller and P = PT ≥ 0
satisfies the differential matrix Riccati equation

Ṗ = −AT P − P A + P BR−1 BT P − CTQC (49)

with boundary condition P(tfs ) = 0. In (49), C is a constant
row vector that pulls out xλ from the state vector x defined in
(41). The above Riccati equation must be solved backward
in time, i.e., from the terminal time t = t

f
s to the initial time

t = 0. Because a closed-form solution for P is a nontrivial
problem, it will be computed numerically.

Note that if η > 0, the weighting factor Q(τ ) will ap-
proach infinity as τ → t

f
s . Such weighting of the LOS sep-

aration angle is desirable as it stresses the importance of
the blinding toward the end of the blinding phase (t → t

f
s ).

Letting η → ∞ enforces quicker convergence of �λ to
zero. Similarly, R → ∞ leads to a nonmaneuvering target.

REMARK 3 The guidance law of (48) is formulated under
the assumption that the guidance laws and parameters of the
missiles are perfectly known to the target. Although, this
assumption seems at first very limiting, it has been shown
in [3] and [8] that if a missile’s guidance law belongs to a
known set of guidance laws, then its guidance law, guidance
parameters, and states can be very accurately estimated.

C. Blind and Evade Strategy

Employing a pure blinding guidance strategy through-
out the entire engagement might be risky as the missiles,
even when properly blinded, might be on the right colli-
sion course and may hit the target. Therefore, the blinding
duration tfs shall be defined as

tfs � tf −�ts (50)

where 0 < �ts < tf . The value of �ts determines the tim-
ing of the switch from blinding to evasion strategy.

If a missile employs a linear guidance law of the form as
in (43), the resulting optimal one-on-one evasion strategy
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has a bang–bang structure [4]. Similarly, the optimal eva-
sion against two missiles employing the same PN guidance
law has a bang–bang structure [24]. However, to best of our
knowledge, an optimal evasion strategy from two missiles,
employing arbitrary guidance laws that can be written in
the general linear form of (43), is still lacking in the open
literature. Therefore, a clear guidance for the choice of the
optimal target evasion strategy against two homing missiles,
employing possible different guidance laws of the form as
in (43), is missing.

In this paper, after the blinding phase terminates, we
suggest the target to perform a maximum acceleration ma-
neuver to the opposite sign of the last executed blinding
command, i.e., the evasion strategy for t > t

f
s is defined as

uet (t) =
{

+ūt , if u
t (t
f
s ) ≤ 0

−ūt , otherwise
(51)

where u
t (t
f
s ) is the target’s control command (48) at t = t

f
s .

Finally, the proposed “blind and evade” guidance strat-
egy for the target boils down to

ut (t) =
{
u
t (t), if 0 ≤ t ≤ t

f
s

uet (t), otherwise
(52)

where u
t is the blinding and uet the evasion strategy given
in (48) and (51), respectively.

REMARK 4 The proposed evasion strategy (51) does not
guarantee that the missiles remain blinded during the eva-
sion phase. Nevertheless, �ts shall be chosen sufficiently
small to allow proper blinding, especially when the target
maneuverability is limited. Small�ts also means little time
for the missiles to adapt to the abrupt change of the tar-
get’s evasion maneuver and, more importantly, little time to
improve their estimation accuracy, which at best (from the
target perspective) might have already been significantly
deteriorated due to the employed blinding guidance law.

D. Implementation Issues

If during the endgame the deviations from the collision
triangles are small, then the linearization assumption in the
derivation of the target’s blinding guidance law is justified.
However, if the collision geometry changes significantly
throughout the engagement, then the EOM given in (44)
shall be re-linearized. Subsequently, the associated Riccati
equation needs to be re-solved for the updated linearization
parameters

ki = cos(γi;k − λi;k), kti = cos(γt ;k + λi;k). (53)

Obviously, this might result in heavy computational burden.
A way to tackle this problem is to solve the Riccati equation
(49) using a fixed-step numerical integration method, e.g.,
using the fourth-order Runge–Kutta (RK4) algorithm [25].
Then, the solution to (49) can be obtained using a constant
number of integration steps from tk to tfs , where tk is the time
when re-linearization is performed. Consequently, the com-
putation complexity at each re-linearization is equal and the
integration resolution improves as the missiles approach the

end of the blinding phase. Note also that |λi − λi;0|, intro-
duced in (37), can be kept arbitrarily small by proper choice
of a constant update rate Tr > 0 for the re-linearization pro-
cedure. This rate shall be selected by the designer to account
for the available computational resources.

As discussed earlier, if η is nonzero, then Q(τ ) will
approach infinity as τ → t

f
s . Obviously this might lead to

numerical difficulties when attempting to solve (49) back-
ward from P(tfs ) = 0. To account for this issue, the weight
Q(τ ), defined in (47), shall be approximated by

Q(τ ) ≈ η

t
f
s − τ + ε

(54)

where ε > 0 is a sufficiently small constant selected by the
designer.

Similarly, the fixed interception time assumption does
not always hold in practice due to propulsion system vari-
ability, drag effects due to differences in angles of attack,
etc. Therefore, the predicted interception times tfi;k need to
be re-computed at each re-linearization step tk as

t
f

i;k =
{−ρi;k/Vρi;k, Vρi;k < 0

0, Vρi;k ≥ 0
(55)

where Vρi;k is given in (2). Due to the same reason above,
the ordering of the interception times in (8) might also
change. Therefore, it is necessary to update the blinding
time tfs , defined in (50), using the most up-to-date value of
tf = t

f

k = min{tf1;k, t
f

2;k}.
If re-linearization is performed at step tk , then the vari-

ables ξi and ξ̇i can be expressed using the kinematic vari-
ables as

ξi;k = ρi;k sin(λi;k) (56)

ξ̇i;k = Vρi;k sin(λi;k) + Vλi;k cos(λi;k) (57)

where Vρi and Vλi are given in (2) and (3), respectively.

REMARK 5 While the proposed blinding concept can be
easily extended to a general case of N missiles, the N > 2
case requiresN − 1 consecutive LOS separation angles be-
ing simultaneously minimized by a single target. This may
result in unrealistically high demands on the target’s ma-
neuverability to perform effective blinding or even render
the blinding against N > 2 missiles infeasible.

V. PERFORMANCE ANALYSIS

In this section, using numerical simulations, we ana-
lyze the proposed blinding-evasion concept for a team of
two missiles in ballistic missile defense (BMD) scenario.
Different values of the switch parameter �ts and the tar-
get’s maneuverability limit ūt are considered to evaluate
the pure estimation performance as well as the intertwined
guidance-estimation performance of the missiles.

A. Interception Scenario and Parameters

The BMD example considered in this paper is partially
based on the example introduced in [18]. For all simu-
lations, the missiles are launched simultaneously at the
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beginning of the engagement. The initial horizontal separa-
tion between the target and missiles is 15 km. The missiles
are initiated at a vertical separation of ỹ12 = −ỹ21 = 100 m
and the target in the positiveXI direction from the missiles.
All vehicles are flying with the same constant speed V1 =
V2 = Vt = 2500 m/s and have first-order lateral dynamics
with time constants τ1 = τ2 = 0.1 s, and τt = 0.2 s. Thus,
matrices in (4) degenerate to Ai = −1/τi , Bi = 1/τi , Ci =
1, and Di = 0, i ∈ {1, 2, t}. The derivation of the target’s
blinding guidance law was performed assuming unbounded
controls. However, for the sake of practicality, we limit the
target maneuverability to ūt ∈ Gt � {5, 10, 15, 20}g, where
g = 9.80665 m/s2 is the acceleration due to the gravity. The
maximal maneuverability of the missiles is ū1 = ū2 = 45g.

The missiles are guided toward the target via one of
the classical guidance laws of PN, APN, or OGL, see Ap-
pendix A. The estimator developed in Section III is im-
plemented for each missile at the sampling rate of 100 Hz
(T = 0.01 s). The simulated measurement noises are with
σ1 = σ2 = 0.5 mrad. The Singer model parameters are
set to α = 1/τt and σt = ūt . This choice corresponds to
Pmax = 1/3 and P0 = 2/3 in (14). For MC simulations, the
initial state of the ith filter is sampled as

x̂i;0|0 ∼ N (xi;0, P i;0|0)

where xi;0 is the true initial state vector defined in (17) and
P i;0|0 is the initial covariance matrix of the error being set
as

P i;0|0 = diag
{

502 (π/180)2 (3π/180)2 (1g)2 1002
}
.

The parameters of the blinding guidance law are set to
R = 1, η = 1011, and ε = 10−8. The target’s control (52) is
implemented at a rate of 100 Hz. The EOM for the blinding
problem are re-linearized at the same rate, i.e., Tr = 0.01 s.
The Riccati equation (49) is solved backward in time using
the ODE45 solver of the MATLAB environment. The kine-
matics and dynamics components of the simulations were
implemented at a much higher rate to properly capture their
continuous nature. Additionally, to ensure precise evalua-
tion of the missiles’ miss distances, high resolution integra-
tion is performed when the missiles are in close proximity
to the target. After the leading missile passes the target, the
simulation continues to run to evaluate the performance of
the second missile. In all simulations, perfect information
is considered for the target.

B. Perfect Information Sample Run Examples

Before turning to a statistical MC evaluation, first we
present two sample run examples. For both examples, the
missiles are guided toward the target having perfect in-
formation, i.e., without an estimator in the loop. The first
missile employs a PN guidance law withN ′

PN = 4, whereas
the second missile uses OGL with ε = 0. The initial flight
path angle of the target is γt ;0 = 0◦ and the missiles are on
a perfect collision triangle with the target. We consider 10
g maximum maneuverability limit for the target.

The first example considers the target performing a
maximum acceleration maneuver to one side throughout

Fig. 3. Sample run planar trajectories. Target performs a 10 g
maximum acceleration maneuver to one side (no blinding).

Fig. 4. Acceleration profiles of the missiles and the target. Target
performs a 10 g maximum acceleration maneuver to one side

(no blinding).

the entire duration of the engagement, i.e., without blinding
the missiles. This scenario corresponds to the limit case
of the proposed blinding-evasion guidance (52) with �ts
being set to tf , thus tfs = 0, meaning pure evasion only.
The obtained trajectories for this scenario are shown in
Fig. 3 with corresponding acceleration profiles depicted in
Fig. 4. The second example considers the target employing
the proposed blinding-evasion guidance strategy with the
switch parameter �ts being set to 0.5 s. Fig. 5 shows
the resulting trajectories, whereas Fig. 6 depicts the
corresponding acceleration profile.

As expected, perfect information guidance leads to
very small miss distances in both examples. However,
when the blinding guidance approach is not active, the
trajectories of the missiles are separated from each other
most of the time, see Fig. 3. This in turn, and as will be
shown in the next section, allows the missiles to make use
of the triangular structure by exploiting the missiles’ LOS
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Fig. 5. Sample run planar trajectories. Target employs the proposed
blinding-evasion guidance strategy with �ts = 0.5 s.

Fig. 6. Acceleration profiles of the missiles and the target. Target
employs the proposed blinding-evasion guidance strategy with

�ts = 0.5 s.

angle measurements from different look angles. On the
other hand, when the blinding guidance law of the target is
active, the trajectories of the missiles are shaped such that
the LOS separation angle becomes close to zero within a
relatively short time, despite limited maneuver capability
of the target, see Figs. 5 and 6.

C. Pure Estimation Performance Evaluation

To evaluate the missiles’ estimation performance
without interfering with their guidance, again perfect
information is considered to guide the missiles. The en-
gagement geometry and missiles’ guidance parameters are
the same as in the previous section. Four different values of
the target’s switch parameter �ts are considered. For each
�ts ∈ {tf , 1, 0.5, 0}, a set of 500 MC runs is performed.

Fig. 7 presents the obtained results for the estimator
associated with the first missile5 in terms of the actual stan-
dard deviations of estimation errors (1-sigma values). The

5Results for the estimator associated with the second missile are omitted
as the obtained results are very similar to those in Fig. 7. This comes
as a consequence of both missiles processing the same measurement se-
quences.

Fig. 7. Estimation performance of the first missile. Standard deviation
of the state estimation errors evaluated based on 500 MC runs.

symbol ∼ over the respective variables indicates the error
between the true and estimated value. In addition to the five
estimated states (ρ1, λ1, γt , at , and Vt ), we also depict the
accuracy of the time-to-go approximation.

In line with the discussion in Section III-D, it can be
observed from Fig. 7 that the estimation accuracy of some
variables deteriorates as �ts becomes smaller (meaning
longer blinding), especially that of the range, speed, and
time-to-go. Note that �ts = 0 corresponds to another lim-
iting case of (52), when only blinding is performed. In this
case, all the estimated variables diverge near the end of the
engagement.

D. Miss Distance Evaluation

Here, we analyze the intertwined guidance-estimation
performance of the missiles for different values of �ts and
ūt and when the missiles are guided toward the target us-
ing estimated states from the filters. For each value of �ts
and ūt , a set of 500 MC simulations is run. For a given
MC realization, the missile team homing performance is
characterized by the smallest of the miss distances of both
missiles. The guidance law and guidance parameter of each
missile are distributed uniformly. The guidance parame-
ters are restricted to N ′ ∈ {3, 4, 5} for PN and APN; and
ε ∈ {10−3, 10−6, 0} for OGL. The missiles’ initial flight
path angles γi;0 are chosen such that the missiles’ velocity
vectors point toward the initial target location

γi;0 = sin−1
(
Vt sin

(
γt ;0 + λi;0

)
/Vi

) + λi;0, i ∈ {1, 2}
with a 10% uniformly distributed heading error. The initial
flight path angles of the target γt ;0 are drawn from a uniform
distribution on the interval 〈−15◦, 15◦〉.

Fig. 8 shows the empirical cumulative distribution func-
tion (CDF) of the missile team homing performance for
�ts(s) = {tf , 2, 1, 0.5, 0} and ūt = 10 g. It can be ob-
served from this figure that the best choice of the target’s
switching parameter �ts is 0.5 s. For larger values of �ts ,
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Fig. 8. CDF of the missile team miss distance for different values of
�ts and ūt = 10 g.

Fig. 9. Missile team miss distance (in meter) of 95% of the runs for
different values of the switch parameter �ts and maximum

maneuverability limit ūt .

the homing accuracy of the missiles improves as a conse-
quence of improved estimation performance. On the other
hand, albeit the missiles are blinded throughout the engage-
ment, i.e., �ts = 0 s, the homing accuracy of the missiles
slightly improves compared to the case when �ts = 0.5 s.
This is expected as the target does not perform any evasion
maneuver.

The homing performance of the missile team for differ-
ent values of ūt ∈ Gt g and �ts(s) ∈ 〈0, 2.5〉 is depicted in
Fig. 9. The shades of this contour plot represent the missile
team miss corresponding to the best 95% of the runs, i.e.,
the CDF’s quantile function evaluated at 0.95 (CDFs’ cross
point values with the dotted horizontal line in Fig. 8). This
quantity is also known as the “warhead lethality range” en-
suring a 95% kill probability for the missile team. Fig. 8
suggests that for a given maximum maneuverability limit
of the target ūt , there exists an optimal value of the target’s
switching parameter �ts for which the missiles’ homing
accuracy is the worst, i.e., a value of �ts , which leads to
the highest survival probability of the target.

VI. CONCLUSION

A novel blinding-evasion guidance concept has been
proposed for an aerial target to defend against a team of
two homing missiles. The missiles are assumed to share
their respective LOS angle measurements of the target. Pro-
vided sufficient separation between the two LOS vectors,
the missiles can benefit from improved estimation accuracy
of the target. Under mild requirements on the target’s con-
trol authority, the proposed blinding guidance enables the
target to force the two LOS vectors to coincide with each
other, hence essentially “blinding” the two missiles. Sub-
sequently, an appropriately timed evasion maneuver helps
the target to increase its survivability likelihood from the
blinded homing missiles.

Results from an MC simulation campaign suggest that,
for a given level of target maneuverability limit, there exists
an optimal timing for the switch from the blinding-only to
the evasion-only strategy. For the considered parameters in
this study, the optimal switching time for a target limitation
of 5 g and for a target limitation of 20 g resulted to be
about 0.5 s and about 0.7 s ahead of the predicted impact
of the leading missile, respectively. The demonstrated ca-
pability of the proposed blinding-evasion guidance concept
against two highly maneuverable homing missiles can, for
a carefully selected switching time, considerably improve
the target’s survivability.

The limitations of this paper include the following. The
employed linear guidance laws of the missiles are assumed
to be perfectly known to the target; observability-enhancing
guidance laws are not considered as possible maneuver
strategies for the missiles; and the homing missiles rely
solely on the triangulation technique to enhance observ-
ability.

APPENDIX A
CLASSICAL MISSILE GUIDANCE LAWS

The classical guidance laws of PN, APN, and OGL are
normally expressed using the kinematic variables as [21]

ui = N ′
i,j

Zi,j

(tgo
i )2 cos(γi − λi)

, j ∈ {PN,APN,OGL}

where N ′
i,j is the effective navigation gain, Zi,j is the mis-

sile’s zero-effort-miss (ZEM) distance, and tgo
i is computed

by

t
go
i = −ρi/Vρi, Vρi < 0.

Note that, in some cases, a more accurate time-to-go esti-
mation might be needed such as the one reported in [26]
and [27].

The expression for the ZEM distance is different for
each guidance law, i.e.,

Zi,PN = − Vρiλ̇i
(
t

go
i

)2

Zi,APN = Zi,PN + 1
2

(
t

go
i

)2
at cos (γt + λi)

Zi,OGL = Zi,APN − τ 2
i ψ(θi)asi cos (γi − λi)
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where λ̇i and Vρi are given by (1) and (2), respectively, τi is
the time constant of the ith missile, and ψ(θi) is a function
of the normalized time-to-go θi = t

go
i /τi given by

ψ(θi) = exp(−θi) + θi − 1.

The navigation gains of PN and APN are constant,
whereas that of the OGL is time-varying and given by

N ′
i,OGL =

6θ2
i ψ(θi)

3 + 6θi − 6θ2
i + 2θ3

i − 3e−2θi − 12θie−θi + 6ε/τ 3
i

where ε represents the ratio between the weights on the
control effort and the miss distance in the quadratic cost
function used in the OGL formulation [28].

Assuming small deviations from the collision triangles,
we have that

−Vρi(tgo
i )2λ̇i ≈ ξi + ξ̇i t

go
i .

Using this expression in the definitions of the above ZEM
distances, the guidance laws of PN, APN, and OGL can be
easily fitted into the linear form of (43) as follows:

1. PN-Guided Missile

K1
i = N ′

i,PN/(t
go
i )2, K2

i = N ′
i,PN/t

go
i

Km
i = 0, K t

i = 0, Ku
i = 0.

2. APN-Guided Missile

K1
i = N ′

i,APN/(t
go
i )2, K2

i = N ′
i,APN/t

go
i , Km

i = 0

K t
i = ktiN

′
i,APNCt /2, Ku

i = ktiN
′
i,APNDt/2.

3. OGL-Guided Missile

K1
i = N ′

i,OGL/(t
go
i )2, K2

i = N ′
i,OGL/t

go
i

Km
i = − kiN

′
i,OGLψ(θi)Ci/θ

2
i , K t

i = ktiN
′
i,OGLCt /2

Ku
i = ktiN

′
i,OGLDt/2.

APPENDIX B
PARTICULAR MATRICES OF THE MATRIX EQUATION
(44)

A◦
2l =

[−k1D1K
l
1 0

0 −k2D2K
l
2

]
, l ∈ {1, 2}

A◦
23 =

[−k1(C1 +D1 Km
1 ) 0

0 −k2(C2 +D2 Km
2 )

]

A◦
24 =

[
kt1 C t − k1D1 K t

1
kt2 C t − k2D2 K t

2

]
, A◦

34 =
[

B1 K t
1

B2 K t
2

]

A◦
31 =

[
B1K

l
1 0

0 B2K
l
2

]
, l ∈ {1, 2}

A◦
33 =

[
A1 + B1 Km

1 0
0 A2 + B2 Km

2

]

A◦
51 = [−V −1

c1 (tgo
1 )−2 V −1

c2 (tgo
2 )−2

]
A◦

52 = [−(Vc1t
go
1 )−1 (Vc2t

go
2 )−1

]
B◦

2 =
[
kt1Dt − k1D1K

u
1

kt2Dt − k2D2K
u
2

]
, B◦

3 =
[

B1K
u
1

B2K
u
2

]
.
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