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The endgame of a linearized endoatmospheric interception scenario between an evading target and a pursuing
missile is considered, in which the adversaries are aerodynamically steered and their controls are bounded and have
arbitrary-order dynamics. The common near head-on or tail-chase assumption is relaxed and a new condition by
which the dimension of the kinematics may be reduced is obtained. Assuming perfect information, the necessary and
sufficient condition for the existence of a “hit-to-kill” capture zone is presented. The existence of such a capture zone is
a necessary condition for guaranteeing point capture against any target maneuver. The condition is expressed as a
function of the adversaries’ arbitrary control dynamics, and explicit conditions are derived for several previously

studied cases, complimenting known results.

I. Introduction

MISSILE designed for the interception of a maneuvering target

is commonly fitted with a warhead. This guarantees (with some
probability) the destruction of the designated target for a range of
miss distances, giving the missile a nonzero kill radius. However, in
high-speed interception engagements, such as defense against
ballistic missiles, the effectiveness of the warhead is reduced
considerably, raising the need for “hit-to-kill.” It is therefore desired
in such scenarios to be able to ensure the interceptor’s capability to
impact with the target. In an age of intelligent evasive targets this
capability to exactly capture the target (capturability) is difficult to
guarantee and is dependent first and foremost on the maneuver
capabilities and dynamic response of the pursuing missile.

The first work to specifically address the conditions for
capturability of an evading target was presented by Cockayne [1]. It
considered the so-called game of two cars [2]: a 1-on-1 planar
engagement with nonlinear motion in which both adversaries have
constant speeds, bounded lateral accelerations (path curvature
constraints), and ideal control dynamics, and each adversary’s
current and future maneuvers are unknown to its opponent (only their
position and attitude are known). It was proved that the pursuer can
capture the evader (achieve position coincidence) from any initial
state if and only if it has a speed advantage and is at least as
maneuverable as the evader. This theory was later extended in [3] to
address motion in three-dimensional space. It was shown that a
sufficient condition for capturability is the pursuer’s superiority both
in speed and in maneuverability. In [4] an inverse study to Cockayne’s
was presented. It was proved that in the game of two cars the evader
can avoid capture for any initial conditions if and only if one of the
following holds: 1) it has a speed advantage and its maximal
maneuver capability is greater than or equal to that of the pursuer
times the pursuer-to-evader speed ratio; 2) its speed is equal to the
pursuer’s and it has a maneuverability advantage. Based on these
results and those presented by Cockayne it was also deduced that if
the pursuer has a speed advantage but its maximal maneuver
capability is lesser than that of the evader times the evader-to-pursuer
speed ratio, then there exist initial conditions from which it can
guarantee the evader’s capture. Preceding these publications was
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Isaacs’ study of pursuit-evasion games [2]. The optimality of the
evading target’s strategy in such games suggests that, in the same
framework, any capturability analysis results must agree with
conditions for the existence of capture regions obtained in the game
solution. Accordingly, Cockayne claimed in [1] that his capture
conditions should coincide with Isaacs’ results in the game of two
cars with zero capture radius. In a recent publication [5] Gutman and
Rubinsky introduced the differential-game-based “vector guidance”
for an accelerating missile in an exo-atmospheric interception
engagement. Under the assumption of ideal adversaries and a greater
acceleration bound of the pursuer, they derived a first-pass
capturability condition as a function of the initial relative geometry.
Any initial conditions from which first-pass capture is impossible are
such that second-pass capture is necessarily possible, as a result of the
pursuer’s maximum acceleration advantage.

In scenarios where during the endgame the adversaries’ motion
is near their respective collision courses, the kinematics of the
engagement can be linearized relative to some fixed frame [6]. The
capturability in such cases is comparable to capture zone existence
conditions derived from the solution of linear games of pursuit.
Existing solutions to linear pursuit-evasion games of a single pursuer
versus a single evader with bounded controls also include variations on
the order of the players’ control dynamics. In [7] the solution to a
simplified linear pursuit-evasion game in which both players have ideal
control dynamics was given. A general solution for an arbitrary set of
linear system dynamics was later presented in [8], which also included
an analysis of the specific case of a pursuer with first-order control
dynamics intercepting an ideal evader. This was followed by [9], in
which a game with both players having first-order strictly proper
control dynamics was analyzed. Later on it was shown that in the same
framework point capture is possible if and only if 1) the pursuer does
not have a maneuverability or an agility disadvantage or 2) the pursuer
is only more agile [10,11]. In [12] an analysis of a class of linear time-
varying feedback pursuit strategies in the same framework was
presented, focusing on scenarios in which point capture is guaranteed.
A further extension of the differential-game—based solutions was
presented in [13], which considered a conflict between a pursuer with
biproper control dynamics and an ideal target. Later on, in [14], an
analysis yielding some of the necessary conditions for capturability in a
two-player game in which both adversaries have biproper control
dynamics were presented. Further interesting results were obtained in
[15,16] for the case of a dual-controlled missile with biproper
dynamics intercepting an evader with first-order control dynamics and
for the case of a missile with second-order control dynamics versus an
evader with first-order control dynamics, respectively. While these
previous studies assumed perfect information, [17] dealt with the
required estimation capabilities of a more maneuverable pursuer in
order to ensure capture.

These previous studies have yielded important conclusions
with regard to the necessary requirements from interceptors in
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engagements where point capture is desired. Additionally, the linear
analyses also considered the influence of the adversaries’ internal
dynamics on their performance, which was previously unaccounted
for. However, their validity is restricted only to scenarios in which the
relative geometry is near head-on or tail-chase. Furthermore, the
currently existing complete capturability conditions encompass a
fairly limited set of specific simple low-order dynamics cases. From a
practical point of view these issues are of considerable importance,
because in reality the relative geometry in interception scenarios may
be far from head-on or tail-chase and the dynamics of aerial vehicles
may be of arbitrary order. Moreover, as was illustrated by Rusnak and
Meir [18], guidance laws that use low-order approximations of high-
order dynamics yield inferior performance relative to guidance laws
that take into account the complete high-order autopilot. Similarly,
any inaccuracies in the dynamic model may lead to wrong
conclusions with regard to capturability. Following the presented
works, itis of interest to examine the necessary conditions for capture
in a wider class of interception scenarios, in which the nominal
collision triangle’s geometry may be far from head-on or tail-chase,
and that include a more generalized representation of the adversaries’
autopilots. In addition, the capability to represent these conditions in
terms of the adversaries’ dynamics parameters is of significant
practical importance.

This paper presents an analytical study of the necessary conditions
for the feasibility of exact capture in a linearized interception
engagement in which the adversaries’ control dynamics may be of
arbitrary order and the relative geometry during the endgame may be
far from head-on or tail-chase. First, a generalization of the
conditions under which the dimensions of the linearized kinematics
may be reduced is performed. Then a general necessary condition,
based on the solution of a perfect information linear differential game
of pursuit, is presented. Later on it is expressed in terms of the
adversaries’ control dynamics parameters, generalizing the currently
existing conditions for only some specific cases of the adversaries’
dynamics. Several examples of previously studied cases are then
given, for which the capture conditions are expressed explicitly and
compared with the known results. Identical results are obtained for
the cases of the adversaries both having either ideal or first-order
strictly proper control dynamics. In the cases of the adversaries
having either first-order biproper or second-order strictly proper
control dynamics and dual-controlled adversaries with first-order
biproper control dynamics, the currently existing conditions are
extended and presented in full. Finally, some numerical results are
shown for the case of dual-controlled adversaries with first-order
biproper control dynamics, validating the obtained existence
conditions.

The remainder of the paper is arranged as follows: In Sec. II a
mathematical model of the interception engagement is presented. The
problem is then formulated as a differential game, the solution of
which is outlined in Secs. III and IV includes the derivation of general
test by which to determine the existence of a capture zone, as well as
the analysis which enables this test to be expressed in terms of the
adversaries’dynamic parameters. Several examples are given in
Sec. V, followed by numerical simulations in Sec. VI and concluding
remarks in Sec. VII.

II. Engagement Formulation

Consider the endgame geometry of a planar endoatmospheric
interception engagement between two aerodynamically steered
adversaries in some fixed Cartesian inertial frame X-Y, as shown in
Fig. 1. V and a denote the speed and lateral acceleration, respectively,
and y and 4 (positive in the counterclockwise direction), respectively,
denote the path and line-of-sight (LOS) angles from X. Subscript P
denotes the pursuer and E the evader. Subscript/superscript o denotes
the value at the initial time 7,. ;01 denotes the initial collision path
angle of j, where

e =1k M
and, by definition of the initial collision triangle, yﬁ,"l is defined as the
angle maintaining

Y

A

Fig. 1 Two-on-one engagement scheme.

VpsinGg! = 4,) = Vi sinGr! - 2,) o)

The nonlinear kinematics are given by
X =Vgcos(yg —4,) — Vpcos(yp — 4,)
y = Vgsin(yg — 4,) — Vpsin(yp — 4,) 3)

where x and y are the displacements of P, respectively, along and
normal to its initial LOS, relative to E. The evolution of the path
angles is according to

yi=-L,  je{P.E} )

Assuming, for simplicity, that the X axis is fixed along the initial
LOS (4, = 0), Eq. (3) becomes

% = Vgceos(yg) — Vpcos(yp)
y = Vgsin(yg) — Vpsin(yp) (5)
and Eq. (2) becomes
Vpsin(") = Vi sin(r! ©)

We also assume the following:

1) The adversaries’ speeds are constant during the endgame phase
and their control inputs are bounded.

2) The adversaries can be represented by point masses with linear
control dynamics.

3) The adversaries’ trajectories can be linearized around their
respective collision paths (Ay; = Yi— yj"l < 1,je{P,E}).

4) A perfect information structure exists (both adversaries have
complete knowledge of the states at all times).

Remark I1.1: The third assumption is in fact practical in high-speed
interception engagements where the maneuver bounds of the adversaries
are small compared with their respective speeds; that is, their minimum
turn radii are much larger than the distance between them.

A. Kinematics Model
Under the aforementioned assumptions
sin(y;) = sin(75°' 4 Ay;) = sin(y5”) + cos(y5”) - Ay;

cos(y;) = cos(yS® + Ay;) = cos(y) —sin(y$) - Ay;  (7)

and the following linearized kinematics of the relative intercept
geometry are obtained:

5= Vi[cos(rie) =sin(ri2) - Ay | = Vo[ cos (i) —sin(r) - Av |
5= Vi [sin) +cosr5) - Ay | = Vp[sinG") +cosr) - A7,

®)
where the dynamics of Ay;, j€{P,E} are given in Eq. (4).

Substituting Eq. (6) and the closing speed between P and E on the

collision triangle along X, V<! = V, cos(y$%) — V; cos(y$"), yields
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= =Vl + Vpsin(y§') - Ayp — Vsin(r§') - Ayg
y=Vgcos(yy) - Ayg — Vpcos(yy') - Ayp ©)

In many previous works x was eliminated from the kinematics by
assuming that the interception scenario is close to either head-on or
tail-chase [6,7,9,19]. By examining Eq. (9) itis evident that in order to
eliminate x we must actually assume that either

Ayl < [eot($™)],  j€{PE} (10)

in which case | sin(yj"l) CAy;l < |cos(yj°l)|, jE{P,E}, or
Aypw Ayp (1

in which case, following Eq. (6), Vpsin($')-Ayp—
Visin(yy) - Ayg =~ 0.

Whereas Eq. (11) might in many scenarios be an inappropriate
assumption, because in essence it dictates the behavior of one
adversary based on its opponents maneuvers, Eq. (10) poses a more
lenient restriction on the relative engagement geometry, relative to the
previously common near head-on or tail-chase assumption. This
condition allows us to consider a wider range of linear interception
scenarios in which the collision triangle is far from head-on or tail-
chase. Note that for the specific cases of near head-on (y$' ~ 0°,
7' ~ 180°), near tail-chase (¥ ~ 75! ~ 0°), or near head pursuit
' = rE ~ 180°) Eq. (10) naturally holds (since [Ay;| <1
and |cot(y/-)| - oo Vje{P,E}).

Assuming that Eq. (10) holds, Eq. (9) becomes

— _qul
y = Vgcos(yy) - Ayg — Vpcos(yy') - Ayp (12)

The boundary conditions include the given initial values ¢,,
x(t,) = x,, ¥(1,) = 0, Ayp(1,) = yp —y§", and Ayg(z,) =0, as
well as the terminal condition x(¢;) = 0, where ¢/, the interception
time, is defined as the moment E passes P (x = 0). By differentiating
y and substituting Eq. (4) we obtain the following well-known linear
kinematics:

y=v

b = agcos(y) — ap cos(y! (13)

Integration of the equation for x from 7, to t; yields the familiar
approximated interception time:

=1+ (14)

le
We define the time-to-go as
loo =ty —1t (15)

B. Control Dynamics Models

Assuming linear arbitrary-order control dynamics of the
adversaries

&= Al + Blu

‘ A je{P E (16)

where A/ € R .Ble R cle R and dl e R ¢ s
J’s Vector of n{ mtemal dynamic states and u; is j ’s vector of nl
dimensionless control inputs, each of which is bounded by

lul| <, ieNl

By defining

max =N il a7

we may rewrite
7, ieNl (18)

where, by definition,

7= (19)

and each I'; = [J/Jl ]/]2 7{,, ]T satisfies

511, = Zﬂ—l

In essence, each element in I'; represents the relative level of
effectiveness of its corresponding control input.

JE€L{P.E}

C. Linear Engagement Model
Defining the following state vector

€0 =0 v GO o[ jerE @)

results in the following linear time-invariant system:

E= AE+ Bpup + Boug; E(1,) =&, u;,€U;, je{PE}
@1)

where U; = {v|v € R™, |v;| <71 - uy vi e NI} is j’s set of
admissible controls and

[ 0 1 lenp lenE
0 0 —cfcos(yp’) cfcos(yg
A =
On’fxl Ongxl AP ongxn:i ’
0 F><l 0!1?)(1 Oann Ag
[0 0
—dp cos(y)! dy cos(y$)
BP = s BE = (22)
Bg Ongxl
L Onfxl Bg
0,,, denoting a zero matrix of dimensions p X g and né the number

of elements in ;.

D. Order Reduction
Using the terminal projection transformation [20] we reduce the

order of the linear system in Eq. (21) to a single scalar known as the
zero effort miss (ZEM):

z(1) = D®(t7, 1)E(1) (23)
where

D:[l 000 lenf lenf:l 24)

and @ is the transition matrix associated with Eq. (21). The resulting
reduced order dynamic equations are
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2(t) = D[®(t7, DE + O(17, 1)E] = DD(t7, 1)[Bpup + Brugl;
Z(to) = Dq)(tfv t)§o =% (25)

Defining
fp(ts,1) = DO(ts,1)Bp
fe(ty 1) 2 DO(ty, 1) By (26)
yields

2= fp(tp. Dup + fe(ty, Dug; 2(t) = 2, 27

III. Differential Game Solution

Assuming that the evader’s control input is unknown to the pursuer
throughout the engagement, an optimal guidance algorithm can be
obtained from the solution of a linear pursuit-evasion game. The cost
function of the game is chosen to be

J = |y(ty)] (28)

The game cost in terms of the ZEM variables is, by definition,

= t 2
The Hamiltonian in this téo—si'cfe(df c))lJtimization problem is ?)
H =i = 2. folty. Oup + fettp. s | G0)
The optimal strategies must satisfy
up = argminH = —sign{A, fp(t;, 1)} - Tp - up™
up€lp ’
uy, = argmaxH = sign{A_fp(t;, 1)} - T - up™ (€28
upely

The adjoint equations and transversality conditions are

dA, oH aJ .
—=—-—=0; ty) =— = t t 0
TR = =t signtz(tp)}, <) #
(32)
Hence, as long as 1 is continuous
A = sign{z(ty)} (33)
and
wj = —sign{z(ty)} - sign{ fp(t, 1)} - Tp - ™
up = sign{z(ty)} - sign{fp(tp. 1)} - Tp - ug™ (34)

Substituting these open-loop optimal controls in Eq. (27) and
integrating from ¢ to ¢, yields the candidate optimal trajectories

27 (1) = z(ty) —sign{z (1)} - /[r (FE(p,0) - up™ = Fp(ty.0) - up™]do
(35)

where

Fit0 =Y rl|flennl.  jetP. b (6)
i=1

IV. Capture Zone Existence Conditions

We continue our analysis with the objective of expressing the
conditions for the existence of a capture zone explicitly, in terms of the
dynamic constants of the adversaries. The importance of such

conditions is clearer from a “negative” point of view; that is, if in a
given scenario the dynamic characteristics of the pursuer, relative to
those of the evader, do not maintain the necessary and sufficient
conditions, then, in the present framework, it is clear that the pursuer
cannot guarantee the evader’s capture, regardless of the initial
conditions. If, however, these conditions do hold, then, obviously, both
the structure of the capture region and the optimal pursuer’s strategy,
guaranteeing the capture from this region, are of interest. In such a case
both can be provided by the solution of a linear pursuit-evasion game;
the optimal controls are as derived in [8] and the construction of the
capture zone, if such exists, can be found in [21]. Unlike [5] or [17],
further considerations, such as defining the specific initial conditions
that compose the capture zone or the negative effect of estimation on
capturability, are beyond the scope of this paper.

Definition 1IV.1 (capture zone): The nonempty set of all initial
conditions from which the pursuer is capable of guaranteeing point
capture is called the capture zone.

{(t()* Z())'”P = ul*:’auE € UE:Z(tf)O}

Lemma IV.1: The necessary and sufficient condition for the
existence of a capture zone in a linear 1-on-1 engagement is

Jt, <ty up™Fp(tp,t) —ug™Fg(ty, 1) 20 Viee[t,.t] (37)

Proof: Follows the same logic as the proof of Theorem 4.1
in [14]. O

Remark IV.1: This is in fact a generalization for a multi-input case
of known conditions for the existence of a capture zone in differential
games of pursuit with bounded controls [14,21]. Actually, the left-
hand side of Eq. (37) is equal to the negative of the so-called
determining function defined in [21].

Because Eq. (37) is necessary and sufficient for some 7, > 0, then
as long as its value does not reach or exceed the terminal instant, ¢,
may be arbitrarily large. A valid test to examine whether Eq. (37)
holds is therefore

tll)r}f}[up Fp(ty.1) — ul FE(tf,t)} >0 38)

From Eq. (16) the control dynamics can be represented by the
following vector of transfer functions from the control inputs vector
to the lateral acceleration:

Hi(o) = [H{6) He . 6]

Lcl(s1-A)'Bl+dl, je(P.E} (39)

We assume that each element in the transfer functions vector is of
the form

¢ VYA
[Tl (14 sy )7

Hi(s) = —= :
m; Y
[Tels (1 + 577 )"

, JELP.E}, ieNL (40)

where #/ is the number of distinct zeros and ! is the number of
distinct poles in the ith control input transfer function of j. ql’ 21
and p{ = 1 are the multiplicity of a zero —1/ w{ candapole —1/ r{ o
respectively.

From this point forward we will assume thatVj € {P, E}, i € Ni:

1) The poles and zeros of H{(s) ({—l/r{$k}l<k<mj and
{-1 /a){’k}1 <k<pi» Tespectively) may be real or appear in complex
conjugate pairsi

2) H{ (s) is proper (the order of the denominator polynomial is
greater than or equal to the order of the numerator polynomial)
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%4 m!

J J
Z qix < Z Dik
k=1 k=1

3) The poles of H!(s) ({—1/7]
the complex plane, yielding

k}1 < <m,) lie on the open left half of

Rzl ) ...,srt{rj_m(} >0

Remark IV.2: From the complex conjugate root theorem, the first
assumption is equivalent to the supposition that the numerator and
denominator polynomials contain only real coefficients.

Under these assumptions, using partial fraction decomposition, the
control dynamics can always be written as

j
n; p( k

H/(S)_dz+zz(l +:k; = jE{P.E}, ieN. (41)
k

1 7=1

where d{ represents the normalized direct 1ift on j produced by the ith

control. For each j and i the constants d {i ; are the

ik f}1<f<p’ A<k<m!

solution of a (Zf{"fl p{k + 1) x (ZZ’ | pl ¢ + 1) system of linear
equations, and are funcuons of the control dynamics constants
Tz],p ey rf and ‘0, T Rewrmng Eq. (41) with acommon
denominator and comparing it w1th Eq. (40) by equating coefficients,
we deduce the following:

1) d{ € R (easily observed, based on Remark IV.2).

2) d! # 0 iff Hl(s) is biproper (¢} = m?).

3) d! = 0iff H.(s) is strictly proper (£ < m?).

4) d{ = 1iff H{ (s) =1 (the dynamics of js ith control are ideal).

Recalling Eqgs. (16), (20), and (21) we find, through use of the
Laplace Transform, that Vj € {P, E}

D;®;(1;,1)B;=D;®;(t; — 1)B;
_ el {cg(sl - A 7' Blcos(%) + d! cos(y;ol)}

2

S
Eﬁ“{Héis)} - cos(75) (42)
and
o ; ; mr’ pzk Hf—l oy
{H (S)} =d 5(9) + /11 P —— S ik
,; ; )P = )]
jELPE}, i€N. 43)

where 6(6) is a unit impulse at § = 0. L‘l{H{(s)/sz} is obtained
from L£7'{H/(s)} after replacing the exponent with its Maclaurin
series and double integration:

H](S) ) m,' Piy ) ,L.fk )
L‘l{’—}:d{6’+ o=t y(0.d . ¢).
52 L L TTRE (- 1) ( k )
JjEPE} (44)
where
(9/1)f+k+l

w(,7,0) = (45)

—1k.
;( Ve +r+D

Since f{ @=L! {H{ (s)/s%}) - cos(y?‘“) is in a fact a function of
the time-to-go, we obtain

Fi(ty) = vl |flte)l,  jE€{P.E} (46)
i=1
and Eq. (38) becomes
lim [ ?aXFP(tgo) - urEnaXFE(tgo)] >0 (47)

t—>0

Remark IV.3: Tt is important to note that Vi € N% even though
VHC) may contain complex parameters, since AZ, Bg, ¢/ and d/ are
real, (1), F(tg) € R Vig,

We observe that, since f’ (tgo) is obviously smooth and by
definition f’ (0) =0, the first term in the existing Maclaurin series for
each f/(t,,) may be omitted, yielding

>\ [d*f1(0) 12,
>

a=1

nl.

Fj(tgo) = Z}/{

i=1

JELP.E} (48)

and that Vj € {P,E}, i € N

HQ) j col
a0 |, =d; - cos(y§ (49a)
d11(6) I Hyr
L -1 1(a,?) - “— - cos(y5°),
i ; 2 ERGAN
a>?2 (49b)

where 1(a, ©) is the indicator function defined by

_J1L axzr+1
wwo={y 2610 &
We define the following additional parameters Vj € {P, E}
5 =3 vl 1d) G510
i=1
. n X dotl fz] (0)
ca=y 1 || - a2l (51b)
i=1 0=0
) no dﬂ+1f/_'(0):| } |:da+l f/(e)]
J J H i Ji
Phg = v} - sign . - )
/ ; {|: R P Aot Jy—o
a>1, >0 (51c)
and nondimensional parameters
max . col
max | COS(}/col)| (52&)
- [cos(yg)I
5
— (52b)
Op
P
O-(I
€= _f (52c¢)
P
D
Vay = 288 (52d)
Pap

which, following Remark IV.3, are all real. In effect §; represents the
maximal possible direct lift on j and # is the pursuer/evader maximal
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possible direct lift ratio. ¢} and p'(;’ s are generally quite complex
functions of j’s transfer functions’ zeros and poles. In the simple case
of first-order strictly proper control dynamics, which include a single
negative pole —1/7;, the sizes of o] and p| ; are equal to that of the
pole (see Sec. V.B). u represents the ratio between the pursuer’s and
evader’s maneuverability vertical to the fixed reference line.

Lemma IV.2. If dp, 0 # O then the necessary condition for the
existence of a capture zone is

=1
and a sufficient condition is

un>1

Proof: If 6p, 6g # 0 then for a small-enough 7,

- 1,
6=0

g0s JjE{P.E}

Fi(tgo) ~ ZV’ ‘ 41O

Therefore, the necessary condition to satisfy Eq. (47) is

AT o |dFEO)
o (U502 [0

i=1 : 9:0_ £ i=1 : do 6=0
and a sufficient condition is
S| A7) S e 47EO)
Ug ;7[' o |, Ug ;7:’ ‘ a0 oy

Substituting Eqs. (49a) and (51a) the necessary and sufficient
conditions become, respectively,

up™sp - |cos(y@h)| > up™sg - | cos(yyh)|
and
up™sp - [ cos(y@h)| > up™sp - | cos(yi)|

Dividing both sides by the (positive) right-hand-side expression
and substituting Eqs. (52a) and (52b) concludes the proof. O

Remark IV.4: Note that

D) If 6 =0 ({HE(s)},cne are all strictly proper), then the
sufficient condition becomes simply 5p # 0. From the definition of
5p we may further simplify this to 3i € N¥:d¥ # 0; that is, there
exists a pursuer control that has a nonstrictly proper transfer function.

2) Fixing, for example, the evader’s speed and initial heading, the
pursuer will benefit from increasing its own speed, thereby increasing
the size of | cos(y%"")| and, as a result, increasing its maneuverability
relative to the evader’s vertical to the reference line. Hence, a slower
pursuer will require a greater maneuver capability.

3) In terms of increasing their maneuverability vertical to the
reference line, both adversaries benefit from imposing head-on, tail-
chase, or head pursuit (in which case | cos(y“’l)| - 1Vje{P E}).

LemmaIV3 If 5p = 65 = 0, 6F = o6& —OV1<a<c—1 and
oF, 6f # 0 for some ¢ > 1, then the necessary condition for the
existence of a capture zone is

pe. =1
and a sufficient condition is
pne. > 1
Proof: Continuing the logic of Lemma IV.2, since in this case

d?f1(0) /dtg,lp—o =0Vl <a<cVje{P,E}, i€ N/ for some
¢ 2> 1, then for a small-enough 7,

nl

. c+1 £
Filtg) ~ S 7 A1 (0)
i=1

dgc+1

c+1
Ieo

o=¢ (c+1)!

Therefore, the necessary condition to satisfy Eq. (47) is
Poop | detfPo) detrE)
up™ er'l:1 Vi | gt > ug™ Z, 1 7’, T
and a sufficient condition is

&0
umax Zl . yl fr©)

E g
max N E |4 f(0)
4geH1 Ug Zi:l Vit £

d9<-+l
0=0 0=0

Substituting Eq. (52b) the necessary and sufficient conditions
become, respectively,

Wl | cos(rie)| 2 upok - | cos(ri)|
and
upol - |cos(r)| > uok - | cos(ri?)|

Dividing both sides by the (positive) right-hand-side expression
and substituting Eqs. (52a) and (52¢) concludes the proof. O

Remark IV.5: Note that .

1) Typically, unless j has ideal dynamics, 6y, =0Vl <a<c -1
for ¢ > 1 will not occur, but it may be the case in some special cases.

2) Similar to Remark IV4, if 6 = 0 then the sufficient condition
becomes simply ¢% # 0.

LemmaIV4 Ifép,(SE #0,un =1, alnd,upm0 = /’ao (orpuvyog =1
lf/)aO’ /’ao #0) V1 <a < c—1forsome ¢ > 1, then the necessary
condition for the existence of a capture zone is

sign{pf o} - ulveol 2> signipko}
and a sufficient condition is
sign{plo} - ulveol > sign{ply}

Proof: Since [d* f{ (0)/do%),_, is finite Vo > 1, then for any ¢ > 1
there is an appropriately small 7,, such that Vj € {P, E}, i € N/

c+l daf{(ﬂ) tao
Z[ Lt ] o

a=1 o=0 a!

nl

F_j(tgo) ~ Z}/{

i=1

and

(ATl o) 5\ _ . [[dfl®)
sl 32 [“57 ] =sed YL

Therefore, after substituting Eqgs. (49a) and (51c¢) and noting that,
by definition, |(-)| = sign{(-)} - (),

c+1

Fj(tgo)N[ i g0+ZPa 10" ] [cos(¥s|, j€{P.E}

If un = 1 and pp?, = pE V1 <@ < c— 1, then

ta
max |:5p Teo + Z/}a_l 0 :| |COS(7/COI)|

t(l
—u%“[éE ot 30 } |cos (5] £ Au(ry0)
a=2

and
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[c+1
(i) ~ Altgo) - ply 2 [cos(r)|
c+1

t
U F (i) ~ Acltyg) ™ ply (s [eos(r)|

Therefore, the necessary condition to satisfy Eq. (47) is

uppl - [eos(rEh| = up™pLy - |cos(yi)|

and a sufficient condition is

up*pl - |cos(rEh| > ug™ply - [cos(rih)|

Dividing both sides by up™|p%| - |cos(y§")| and substituting
Eqgs. (52a) and (52d) concludes the proof.

Remark IV.6: If in a case, such as the one presented in Lemma [V.4,
sign{pf_ o} # sign{pE}, then the necessary and sufficient conditions
for the existence of a capture zone are

a) nonexistent if sign{p’ )} < sign{pf}

b) any u > 0, v 0| > 0if sign{p?,} > sign{pf,}.

Lemma IV.5: 1t 6p =6 =0,60 =6 =0Vl <a<r-1,oF,
of #0, and ﬂp/f_r = p}ir (or pvg, = 1if p;;r, plf_, #0) Vr+1<
p < c—1for some ¢ > r > 1, then the necessary condition for the
existence of a capture zone is

Slgn{pfr} : M'UL',V| b Slgﬂ{pf,}
and a sufficient condition is
Sign{pzr} 'ﬂ'yc.r| > Slgn{pfr}

Proof: The proof follows the logic of the proofs for Lemma IV.3
and Lemma IV.4, treating o} as & It O

Remark IV.7: If in a case, such as the one presented in Lemma IV.5,
sign{p?,} # sign{pf,}, then the necessary and sufficient conditions
for the existence of a capture zone are

a) nonexistent if sign{p’,} < sign{pE,},

b)any u > 0, |u,.,| > 0if sign{p?,} > sign{p, }.

V. Some Examples

‘We now present some results for several cases in order to examine
and verify the validity of the theory developed in the preceding
section. As previously stated, the optimality of solutions to pursuit-
evasion games suggests that, in the same framework, the capturability
conditions must coincide with conditions for the existence of a
capture zone in the game. For this reason we chose the following
previously studied examples, each with known linear-pursuit-
evasion-games-based results.

The following examples cover different control types, including
variations on the number of control inputs and the modeling of the
direct lift and airframe response as a result of command inputs. In the
present work we will limit ourselves to a maximum of two control
inputs, each of which may be categorized as either forward/canard
control or tail control. A general case including both types of control
inputs is depicted in Fig. 2. We assume that each adversary’s center of
pressure (CP), where the total force F';, is obtained, is located behind
its center of mass (CG), and as a result the airframe itself is statically
stable. As initially stated, any aerodynamic coupling between the
lateral forces (along Z; ) produced by the control surfaces is neglected
and it is assumed that the adversaries do not accelerate (the total force
along X, is zero).

A. Ideal Control Dynamics

Asin[7], assume that each adversary has a single control input and
ideal control dynamics. This would represent adversaries for which
the control inputs are immediately translated into direct lift with no
airframe response; that is, the control action takes place at the center
of gravity. Insuchacase nl = nf =1,¢, =m; =0Vj € {P,E},

F

Tail
Fig. 2 Tail- and canard-controlled missile schematic.

His)=1,  j€{PE}

and from Eq. (44)
fi(0)=4d;0- cos(yj"'), j€{P.E}

As previously deduced, in such a case d; =1Vj€{P,E};
therefore,

fi@) =0-cos(r*).  je{P.E}

for which

1
_o @2l jEe(P.E}

>

Substituting into Eq. (52b) we have
n=1

Following Lemma IV.2 the necessary and sufficient condition for
the existence of a capture zone is simply ¢ > 1, meaning that relative
to the reference line the pursuer is required to have a maneuverability
advantage over the evader, in accordance with the results presented
in (7).

B. First-Order Strictly Proper Control Dynamics

Now assume, as in [9], that each adversary has a single control
input, the dynamics of which include a single real and positive time
constant. This would be a possible representation of two adversaries
where there exists negligible direct lift from the control surface (tail or
canard); that is, it mainly produces a moment for rotating the airframe
(by being located far from the center of gravity). In this case neither
has direct lift, but their airframe responses are modeled. In this
instance n? = nf =1,¢; =0,m; =1, p; =1 Vj € {P,E},

, j P.E
1+s1j A }

and from Eq. (44)
fi0) = [djﬂ + 7y (0.7, ])] - cos(7).

JjEP.E}

In this case, as deduced for proper dynamics, d; = 0 Vj € {P, E}
and from Eq. (45)
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(a/Tj)k+2

w(@.7;,1) = Z(_l)k'm

—Z( 1>m~(/ =) — (=D =1

0
=07 4 2 (53)
7j

Substituting into the expression for f;(6) yields

0
1O =1;( e +=—=1)-cos(ys), jE{PE}
T]' J
for which
5=0
1
dl =
(Tj)“ , a>1, j€E€{P,E}
; 1
p{l,l = (_1)(1—1 :

(Tj)(t

Substituting into Eqgs. (52¢) and (52d) we have

TE\" A
€q = Vg = (—) = &%, a>1
p

where ¢ is the evader/pursuer time constant ratio. Since 6p = 65 = 0,
the sufficient condition for the existence of a capture zone, according
to Lemma IV.3 and Lemma IV.5, is in general

a)pe; > 1

b) sign{py |} - ulve,| > sign{pl 31 if pr,) =1Vi<a<c-1
Ve > 2,
which in this example becomes

a) pe > 1 (denoted by some as an agility advantage)

b) (=)' pet > (=) ifue* =1Vl<a<c—1.

Note that Ve >3 if pue* =1VlI<a<c-—1 then e=1.
Therefore, from cases ¢ = 1 and ¢ = 2, after substituting ue = 1,
we can deduce the following sufficient condition:

a)pue > 1

b)e <1ifue=1.

In [10] it was shown that in the framework of this example the
sufficient conditions for the existence of a capture zone are

a)pue > 1

byu>1ifue =1.

In the second case note that since ¢ = 1/u, theny > land e < 1
are equivalent.

Furthermore, in accordance with Lemma IV.3, it was shown in [8]
that if 7z = 0 (ideal evader) then a capture zone cannot exist
(since 0 = pue < 1).

C. First-Order Biproper Control Dynamics

In this case, as in [14], assume that each adversary has a single
control with biproper dynamics, defined by a single real zero and a
single negative pole. This model essentially generalizes the two
previous ones. It could be used to represent adversaries with either tail
or forward/canard control having both direct lift and airframe
response elements. In this case nf =nf=1, ¢;=m; =1,

pj =qj =1 VJE{PvE}a

14 sw;
H(s) +w/’
g

JjE€{P.E}

and from Eqs. (44) and (53)

; :
fj(e) = |:_] 0+ ‘L'j(] —_J)W(G’ 7;, 1)] COS()/COI)
7 7;

= [ﬁe + Tj(l - ﬂ) : (e‘gfff +=- 1)} - cos(ri*h),
7j 7j 7j

JEAP.E}
for which
5 ="ag
; 7 J
) 1—d.
o‘{/l:| a" ,a>1, j€E{P,E}
(z)
a—1 d
pho = (=)o sign{d;} - —
( ;)

Substituting into Eqgs. (52b), (52¢), and (52d) we obtain

|
’7—dE
— a
€a=1 dp- TE ,a>1
l—dE Tp

o = sien{ 4125 ()
dE 1 - dE Tp

Since 6p, 6 # 0, then, according to Lemma IV.2 and LemmaIV.4,
the sufficient condition for the existence of a capture zone is in
general

a)pun > 1

by sign{plo} - plveol > sign{plyl  if pnp =1,
Vi<a<c—-1Vec2>1,
which in the examined case becomes

a)un > 1

b) (=1)<" -sign{dp} - sign{l — dp} - pe|(1 = dp) /(1 = dp)| 2
(=D -sign{dg} -sign{l —dg} it un =1, pel(1-dp)/
(1-dp)=1Vl<a<c—-1Ve>1 and sign{dp/dg} =
sign{(1 —dp)/(1 - dp)}

c¢) nonexistent if uy=1 and sign{dp}-(1—-dp)<0<
sign{dg} - (1 — dg)

d) any p, €>0 if up=1 and sign{dp}- (1 —dp)>0>
sign{dg} - (1 — dg),
where € = 75 /7p is, once again, the evader/pursuer time constant
ratio. Similar to the second example, note that Ve > 3 if unp =1,
ue®|(1—dp)/(1 —=dg)| =1Vl <a<c—1 and sign{dp/ds} =
sign{(1 —6p)/(1 — 6g)} then ¢ = 1. Therefore, from cases ¢ = 1
and ¢ = 2, after substituting pe|(1 —dp)/(1 —dg)| = 1, we can
deduce the following sufficient condition:

a) un > 1

b)  sign{dp} - sign{l —dpjue|(1 —dp)/(1 - dg)| > sign{dg}-
sign{(l —dg)} if un=1 and sign{dp/dg} = sign{(1 —dp)/
(I -dp)}

c) sign{dp} - sign{l — dp}e < sign{dg} - sign{l —dg}if un = 1,
uel(1—dp)/(1 —dg)| =1 and sign{dp/dgp} = sign{(l —dp)/
(I-dp)}

d) nonexistent if wunp=1 and sign{dp}-(1—-dp)<0<
sign{dg} - (1 — dg)

e) any u, €>0 if uyp=1 and sign{dp}- (1 —dp)>0>
sign{dg} - (1 — dp).

As an example let us assume that —1 < dp, dg < 1.

Case A: 0 < dp, di < 1 (forward/canard-controlled adversaries)

In this case the sufficient condition for the existence of a capture
zone is

a)un > 1

b) pel (1 — dp) /(1 = dp)| > Lif py = 1

c)e<lifun=1and pe|(1 —dp)/(1 —dg)| = 1.

Case B: —1 < dp, dg < 0 (tail-controlled adversaries)

Hlap = 1
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In this case the sufficient condition for the existence of a capture
zone is

a)pun > 1

b) pe|l(1 —dp) /(1 —dp)| < 1ifun = 1

c)e>1ifun=1and pue|(1 —dp)/(1—dg)| = 1.

Case C: —1 <dp <0 < dg < 1 (tail-controlled pursuer, forward/
canard-controlled evader)

In this case the sufficient condition for the existence of a capture
zone is

a) pn > 1

b) nonexistent if un = 1.

Case D: —1 < dg < 0 < dp < 1 (forward/canard-controlled pursuer,
tail-controlled evader)

In this case the sufficient condition for the existence of a capture
zone is

a) pn > 1

b)any u, e > 0if unp = 1.
where cases A and B present the required advantages of the pursuer
against a similarly controlled evader, cases C and D shed some light
on scenarios with adversaries with different control types. According
to case C a tail-controlled missile cannot hope to capture a forward-
controlled evader unless it has a distinct direct lift advantage.
However, following case D, a forward/canard-controlled missile
could successfully intercept a tail-controlled evader even without a
distinct advantage in direct lift. These results point to the superiority,
with respect to capturability, of forward control over tail control,
supporting existing conclusions [13,14].

These results expand upon those presented in [14], in which it was
shown that for adversaries with first-order biproper dynamics, for
which —1 <dp, dp <1, un > 1 is a necessary condition for the
existence of a capture zone and that yn > 1 is a sufficient condition.

D. Second-Order Strictly Proper Control Dynamics

We now consider a scenario in which each adversary has a single
control input, the dynamics of which include a complex conjugate
pair. This once again represents forward/canard-controlled
adversaries that have no direct lift, but the airframe response model
1s ‘more elaborate. In this instance nf = nf =1, £i=0,m;=2,
pl=ps=1Vj€e{PE}

Hi(s) L j € {P,E}
A8 :—’ s
J (1 + sz))(1 + s7) J
and Eq. (44)
fi0) =d;0+ 0,7, 1) + Ajtiw(0, 77, 1), jE{P,E}
where
T
P p—
J -1
.+ JE{P.E
T5
y—
St —1

and d; = 0 Vj € {P, E}, as per the deduction for proper dynamics.
Fi{z;} = Rz}} 2 0 Vj € {P, E} and, without loss of generality, we
assume that 3{z;} = —3{z}} > 0. After the substitution of Eq. (53)
in f;(0) we obtain, after some algebra, Vj € {P, E}

f/(@) — e_g‘m{rl}/(fj‘fj)
[zm{r,} cos(‘f{. T} ) LRy —S{rj}z_sin(i?{rji 9)]

77 Sz it

+ 0 - 2%{zr;}

for which

8;=0,=0

P 1 (T*)a 1

. 1 T(_z—l — (Tf)a—l
i a1, o J J

famih { | e
a2 7,7} (ij}‘)"‘ 1(1; -1;)
a>2,  je{PE}

Using the known general factorization of the difference of two nth
powers [22]

a—1
a*—b*=(a-">b)- Zaa‘]‘k~bk
k=0

we get
_‘ ZZ—Z 1.{1—2—k . (T;f)k
a (T T*)" 1
2 _a=2—k . (-¥\k @22, jEiP.E}
/)j — (_1){1—1 . Zk:() i ) (Tj)
a2 (sz.j)a—l

Substituting into Egs. (52¢) and (52d) we have

35 1,, (TETE)"—I
Za 2 2 k (TE)k TPT;S
e . (E)l -

Va2 = S ek ook \7,r

Since 5p = 8 = 0and 6f = 6F = 0, the sufficient condition for
the existence of a capture zone, according to Lemma IV.3 and
Lemma IV.5, is in general pe, >1 and sign{p?,}- pulv.,| >
sign{pf,} if prg, =1V2<a<c—1Ve2>3. Unfortunately, a
more simplified representation cannot be easily obtained in this
example. However, by simply checking the cases ¢ =3 and ¢ = 4
we find that the necessary condition can be written as

ayue<1

b) (R{zp}/R{ze})e > lifpue =1

c) (3{rp}/I{z)e > 1if uye = 1 and R{zp}/NR{rg})e = 1,
where

a=2 _a-2—k k
T
. @)

*
~ TET
§="L£FE

TpTh

Note that v, , can be written as

) 22%7’.[‘2/((7:)]( L2~

, = .

C, Z 2 2 k (T )k

or, since Y ¢23 75727« (vp)* and D_¢23 7572 7F - (v)* are symmetric
expressions of N{zp} and I{rp} and of R{ry} and I{r},
respectively,

U = chag - (R{rpy - ) (3{zp) - 5)k_~
“ g (Rizgh) - (Slep))k

where a; is the resulting coefficient of the kth term in the sum.
Therefore, Ve > Sif (N{zp}/NR{rL})ée = 1and (J{zp}/I{rp})e =1
we necessarily get v., =& and consequently, if & =1 then
ulves| = 1. Finally, since sign{p’,} = sign{pf,} we find that
sign{pl,} - plveo| = sign{pl,} Ve 25 if Hlreol =1,
(R{zp}/Rlrp})e = Land (J{zp}/I{re})e = L.

In [16,23] it was shown that in an engagement between a pursuer
and an evader with strictly proper second-order and first-order control



Downloaded by TECHNION - ISRAEL INST OF TECH on February 7, 2024 | http://arc.aiaa.org | DOI: 10.2514/1.G003052

HAYOUN AND SHIMA 925

dynamics, respectively, a capture zone cannot exist. From the
presented results for first- and second-order control dynamics we
have that in such a case 8p =& =0, of =0, and oFf #0.
Therefore, according to Lemma IV.3 the necessary capture zone
existence condition is not satisfied for ¢ = 1, in accordance with the
known result. Apart from that, the obtained conditions constitute a
substantial extension to the more general case of both adversaries
having strictly proper second-order control dynamics.

E. Dual-Controlled Adversaries with First-Order Biproper Control
Dynamics

In [15] the case of a dual-controlled pursuer with first-order
biproper control dynamics versus a forward/canard-controlled evader
with first-order strictly proper control dynamics was examined.
Assume in this example a slightly more general case in which each
entity has two control inputs, the dynamics of which are described by
two biproper transfer functions, each with a single real zero and both
with a common single negative pole. This represents two adversaries
with both tail and forward/canard control, each of which includes a
direct lift component and the airframe response. In this case
nf=nE=2¢=ml=1,pl=q/=1Vje{P E}Vie{l,2},

1+ sw-}
1 —+ STj

Hi(s) = .,  je{PE}, ie{l,2}

and from Eqs. (44) and (53) Vj € {P, E}
FlO) = dl0+7;(1 — &)y (0,7, 1)

- - 0
=dio+7;,(1-d)- (e‘g/ff +—- 1), i€{l,2}
%j

where
R
d== je{PE, ie{l2}
7
and for which
i =r1-1dil+7}- |dj]
g _rldl A -
()" ;
o= (1)l sign{di} -y} - (1= d}) +sign{d}} -y} - (1 = )
o (@)"

a>1, j€e{P,E}
Substituting into Egs. (52b), (52¢), and (52d) yields
J_rhe bt Ll
vy ldil vy - 1d5|
. zrf-ll—df|+r§-|1—d§|.(1_5)“
R R o N S N
sign{df} -yP - (1 —db) +sign{d} -yE - (1 = dF) (TE)U’
Ugo = — - EE
“O 7 sign{df} - yF - (1 - dF) + sign{dE} - v5 - (1 - db)

a>1

p

p

In general, according to Lemma IV.2 and Lemma IV.4, since dp,
or # 0, the sufficient condition for the existence of a capture zone is

a) pn > 1

b) sign{pl} - ulveol = signiplo} ifun =1, prgo = 1 V1 <a <
c—1Ve>1,
which in this example can be written as

a)pn > 1

b) (=1)"-sign{gp} - puelpp/pp| 2 (=1)7" -sign{pg} if uy = 1,
ue®|lpp /ol =1Vl <a<c—1Ve > 1 andsign{pp} = sign{pr}
¢) nonexistent if yy = 1 and pp <0 < @
d)any u, e > 0if yn = 1 and @p > 0 > @,
where

@; =sign{d]} 7| - (1 — d}) +sign{d} -7} - (1 =), j€{PE}

and recall that ¢ = 7 /7p is the evader/pursuer time constant ratio.
Note that Ve > 3 if un = 1, ue®|gp/pe|l = 1Vl <a<c—1, and
sign{gpp} = sign{@r}, then ¢ = 1. Therefore, from cases ¢ = 1 and
¢ =2, after substituting ue|lpp/@r| =1, we can deduce the
following sufficient condition:

a)un > 1

b) sign{@pluelpp/pr| > sign{pg} if un =1 and sign{gp} =
sign{gg}

o) sign{gpie <signlpg} if un =1, pelpp/pel =1 and
sign{pp} = sign{epp}

d) nonexistent if up = 1 and ¢p <0 < @

e)any yu, e > 0if un = 1 and @p > 0 > @g.

As an example let us assume that 0 < d?, df <1 and -1 < df,
df < 0 (such would be the case in an engagement between two dual-
controlled missiles, where each couplet &} and &) represented the
direct lift of the canard and tail controls of j, respectively [15]). In this
case (1-d}) > (1-d)) >0Vje{P,E}, i €N.and

;=7 (=d)-r}-(1-dj),

Case A: 1<(1-d)/(A-d&)<y|/rhVje{P,E} (strictly
greater canard/forward control influence for both adversaries)

In this case the sufficient condition for the existence of a capture
zone is

a) un > 1

b) pelgp/@e| > 1if un =1

c)e < 1ifun =1and pelpp/pg| = 1.

Case B: (1-d})/(1=d}) >y|/vVje€{P,E} (nonstrictly
greater canard/forward control influence for both adversaries)

In this case the sufficient condition for the existence of a capture
zone is

a)un > 1

b) pelpp/op| < Lif up =1

c)e> lifun = 1and pe|lpp/pe| = 1.

Case C: (1—d§)/(1—df) >y} /r5 1< (1~d5)/(1-dF) <
vE /y% (nonstrictly greater pursuer canard/forward control influence,
strictly greater evader canard/forward control influence)

In this case the sufficient condition for the existence of a capture
zone is

a)un > 1

b) nonexistent if un = 1.

Case D: (1= d5)/(1 —d?) <0 /7. (1 = d5) /(1 - dF) > 1 /1%
(strictly greater pursuer canard/forward control influence, nonstrictly
greater evader canard/forward control influence)

In this case the sufficient condition for the existence of a capture
zone is

a) un > 1

b) any p, € > 0 if unp = 1. .

_Interestingly, if y] = y} = 0.5 then ¢; = —6;. Therefore, if y| =
vy = 0.5 Vj € {P, E}then ¢p/pr = n.Insuchacase, if additionally
un = 1 we find that ue|@p/@r| = € and both conditions (b) and (c)
may be replaced by € > 1 in case A and € < 1 in case B, respectively.

Cases A and B present the sufficient capturability conditions in an
engagement between adversaries with a similar type of relative
influence of their control inputs. Case C reveals that a missile without
a strictly greater canard/forward control influence will be incapable
of intercepting an evader with a strictly greater canard/forward
control influence unless it has a distinct direct lift advantage. Case D
shows that a missile with a strictly greater canard/forward control
influence could be capable of capturing an evader without a strictly
greater canard/forward control influence even if it does not have a
distinct advantage in direct lift. These results point once again to the

JEP.E}



Downloaded by TECHNION - ISRAEL INST OF TECH on February 7, 2024 | http://arc.aiaa.org | DOI: 10.2514/1.G003052

926 HAYOUN AND SHIMA

fact that, with respect to capturability, a greater forward control
influence is more advantageous than a greater tail control influence,
supporting previous conclusions [14].

In [15] the case when 0<df <1, -1 <d} <0, nf =1, and
or = 0 was examined (evader with first-order strictly proper control
dynamics). In accordance with Remark IV.4, it was shown that a
capture zone exists for dp # 0. In addition, the presented results
generalize the case analyzed in [15] to the case in which both
adversaries are dual-controlled with first-order biproper dynamics.

V1. Simulations

For the sake of illustration we will now show some numerical
results in the specific case of dual-controlled adversaries with first-
order biproper control dynamics. We examine the following three
scenarios, defined by the parameters given in Table 1.

Using the known optimal strategies in the 1-on-1 pursuit-evasion
game (see [8]) we may construct the capture zone, if one exists, by
backward integration of the dynamic system (21) from the final time
tr, at which z(#;) =0, to the initial time #,. To simplify this

procedure we will normalize the ZEM by 72 uB*:
z(1)
20) = Z (54)
The resulting nondimensional dynamic system is
dz 1 p P P P £ E
= e [P ) + SR CUE O = Fhtg )t 1)
go  TpUE
= fE ()5 )] (55)

for which the terminal condition of each optimal trajectory
originating in the capture zone is simply Z(ty,, = 0) = 0. If we
consider a cost function that penalizes only the miss distance
(J = |Z(ty = 0)], as is usually done, the optimal controls are easily
found to be

u;"(t) = Sign{Z(O)}ugm : [Sign{f{)(lgo)} ‘ }/f“gn{fg(tgo)} : y;]T
uj (1) = sign{Z(0)}up™ - [sign{fT (10)} - visign{f5 (tg)} - ¥51"
(56)

After substituting these in Eq. (61) and integrating from Z(0) at
time-to-go 0 (from 7) to 74, (to 7) we obtain the following closed form
expression for the candidate optimal trajectories:

Z(tg) = Z(0) +S"gniﬂ~ [w‘f - A /1 (©)do

P

Teo a0 Teo
+w§-L |f§<e)|deiyf~A |ff(0)|d9—7§-A |f§(9)|d0}

Since fyP(tgo)/TP = sz(tgo/TP) and fiE(tgo)/TP =
FE([te/7p)/€) Vi € {1,2}, we may rewrite this as a function of the
normalized time-t0-go ty, /7p:

Table1 Simulation parameters

Parameter Scenario 1  Scenario 2 Scenario 3
H L1 1/n 1/n

€ 0.5 1.25 1/ (ulop /o))
dy —0.1 -0.1 —0.1

4t 0.5 0.45 0.25

7y 0.5 0.55 0.75

dt 0.2 0.2 0.2

dt -0.1 -0.1 -0.1

rE 0.5 0.15 0.15

e 0.5 0.85 0.85

0.25 T t + !
——ad} =0.75 (un = 3.1167)

df = 0.64825 (un = 2.7436)
02l d¥ = 0.55 (un = 2.3833)

0.15
2|

0.1

0.05

0 0.5 1 L5 2 25 3 35 4
tgo/ TP
Fig.3 Capture zone: scenario 1 (un > 1).

Lty 15)=Z(0) + sign{Z(0)} -
to0/ TP o0/ TP .
-[y{’- [ t@taos- | |.f§<a)|de]

i teo /TP !
:|:31gn{Z(0)}-s~|:]/lE'A |f‘1€(9/5)|d0+7§'A

gu/ Tp

|f§<e/e)|de]

Finally, since any couple of trajectories emanating from Z(0) and
—Z(0) is symmetrical with respect to the Z = 0 axis, if one intersects
this axis at some instant, so will the other. Such intersections
constitute conjugate points, from which point on (in reverse time) the
intersecting trajectories cease to be optimal (see Sec. 4.3.2 in [21]).
Therefore, we may conclude that as long as a trajectory is optimal,
sign{Z(ty,/7p} = sign{Z(0)} and

1Z(1g0/7p)| = 1Z(0)]

too/Tp too/Tp
+u[yff @l [ |f§(9)|da]

Igo/Tp

1go/Tp
:l:€|:71E'/\ |f1E(9/€)|d9+7§'/ |f§(9/€)|d9] (57
0 0

Examples of the obtained capture zones, defined simply in terms
of the normalized ZEM, are given for the different scenarios in
Figs. 3-5. For each complete set of parameters the boundary of the
capture zone is defined by the optimal trajectory emanating from
Z|(0)] = 0% (depicted in bold). The shaded areas under these lines
constitute the capture zones. Note that, since in all three scenarios
(A=d)/A=d) > 1=y/r, Vje€{P, E}, we refer to case B in
Sec. V.E for the sufficient conditions.

In Fig. 3 several zone are shown for the first scenario when the
condition un > 1 is met, in accordance with condition (a) in case B.
For large enough values of d! we obtain an open capture zone
(in blue and red), which extends, in reverse time, to all 75, > 0.
Otherwise, the capture zone is closed (in green), meaning that it
extends only to some finite value 0 < 75, < oo along the Z = 0 axis,
at which point the boundary trajectories meet to create a
conjugate point.

Figure 4 shows examples of open (blue) and closed (red) capture
zones in the second scenario when the condition un =1,
uelopp/@e| < 1is met, in accordance with condition (b) in case B.

Similarly, in Fig. 5 examples of open (blue) and closed (red)
capture zones are presented for the third scenario when the condition
un =1, pelpp/@e| < 1, € > 1 is met, in accordance with condition
(c) in case B. For the limit case in which & = 1 the capture zone is
reduced to Z(t,,) = 0 Vty, > 0 (green). Essentially, in this case the
pursuer’s and the evader’s maneuver capabilities are identical, and so
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1.4 T T T T T T T

———dl = 0.1 (uelep/er| = 0.3528)
dl’ =0.18 (uelpp/eE| = 0.3061)

1Z|
0 0.5 1 1.5 2 2.5 3 35 4
tgo/Tp
Fig.4 Capture zone: scenario 2 (un = 1, pe|pp/pg| < 1).
1.2 T T T T T T
—dl =0.1 (¢ = 1.1812)
———dl’ =0.18 (¢ = 1.7684)
IF | ——dP =0.02856 (c = 1)
0.8
1Z] 0.6
0.4r .
02F i
0 ‘

0 0.5 1 1.5 2 2.5 3 35 4
tgo/TP
Fig. 5 Capture zone: scenario 3 (uny = 1, pe|pp/pg| =1, > 1).

the pursuer is able to maintain only the initial ZEM (ideally, assuming
that it can react instantaneously to the evader’s maneuvers).
Therefore, the only initial conditions that may lead to point capture
are the points along the horizontal line Z = 0.

VII. Conclusions

The endgame of a perfect information linear planar endoatmo-
spheric interception engagement was examined. A new condition by
which the dimension of the kinematics may be reduced was derived.
It was shown that this condition extends the stricter common
assumption of near head-on or tail-chase to allow the consideration of
a larger variety of scenarios, in which the nominal collision triangle
may be far from head-on or tail-chase.

A study of the necessary and sufficient conditions for the
existence of a “hit-to-kill” capture zone in a linear interception
engagement between adversaries with arbitrary-order control
dynamics was presented. The existence of such a capture zone is a
necessary condition for guaranteeing point capture against any
target maneuver. A general condition was obtained through the
solution of a linear pursuit-evasion game and an appropriate test was
presented.

Based on the transfer function representation of the general control
dynamics, explicit expressions of the conditions for the existence of a
capture zone were derived in terms of the control dynamics

characteristics of the pursuers relative to those of the evader. Such
conditions are known to have been obtained in several linear pursuit-
evasion games with specific adversaries’ dynamics. Our results
constitute an extension of the currently existing conditions to the
general case of arbitrary dynamics of the adversaries.

Explicit expressions were derived from the obtained conditions for
several previously studied cases. In each case the outcome was
compared with known results from solutions of linear pursuit-evasion
games in the same framework. This comparison was chosen because
it was suggested that due to the optimality of the game solution
(in particular that of the evader’s strategy), any conditions for the
existence of a capture zone in the game must coincide with otherwise
obtained capturability conditions. Furthermore, the derived
conditions included some substantial additions to what currently
exists in the literature, since the developed theory enabled us to obtain
the conditions for the existence of a capture zone in full, whereas in
most previous studies the presented existence conditions are only
partial. This is very likely because the derivation of these conditions
from the game solution requires a thorough investigation of the game
space structure for various combinations of the adversaries’ dynamics
parameters. For high-order control dynamics that include more than
one or two parameters (i.e., anything beyond ideal or first-order
strictly proper dynamics) this process becomes cumbersome. In
comparison, the presented theory constitutes a straightforward
approach to deriving the capture zone existence conditions.

An examination of the results obtained for the presented examples
yielded some insight into the advantages of some dynamic properties.
Mainly, they emphasize the importance of the direct lift (obtained for
biproper control dynamics as opposed to strictly proper control
dynamics) and the superiority of forward/canard control over tail
control, supporting existing conclusions.
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