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1 Introduction

In many engineering disciplines numerical simulations with a high number of degrees of freedom are often
necessary. Mixed-dimensional modeling can decrease the number of degrees of freedom dramatically without
harming the desired mesh resolution.

If the discussed problem consists of a 3D domain in which the solution is expected to be actually 2D,
namely the solution does not depend on one of the coordinates, it is a waste to use a high resolution 3D
computational mesh in this domain. Instead, one can attempt to decrease the number of nodes in a mesh
by modeling a part of the domain as two-dimensional.

The dependency of the solution on one of the coordinates can be weakened mainly by the geometry of the
problem and the boundary conditions.

This report will focus on elastodynamics problems. The main objective of this report is to analyze under
what circumstances the solution of the hybrid problem is a good approximation of the full problem’s solution
using the Panasenko coupling method, considering coupling of 3D and 2D sub-models.

2 Statement of the problem and solution scheme

2.1 Full 3D problem

Consider a three-dimensional structure made of linear isotropic material. We are interested in finding
the time-accurate displacements field due to a non-zero initial state or inhomogeneous tractions boundary
conditions.

2.1.1 The strong form

The governing equations of an undamped structure denoted 2, written with :

pii; = 0455 + fi, in (2 (1)
0ij = Cijricri, inQ (2)

1
gij = 5 (uij +ujq),  inQ (3)



p is the material density, u; (x,t) are the displacements, f; are body forces and C;jx; is the material properties
tensor. For an isotropic material, Cj;i; is given by:

Cijrt = 0ij0A + G (01051 + 6:djk) (4)

where A\, G are Lame’s parameters of the material and ¢;; is the Kronecker delta. The boundary conditions
are given by:

w; = Uy, onT,, (5)

045Ny = Ti7 on FTi (6)
; (x,t) and T; (x,t) are the given displacements and traction vectors on the boundary of the domain 2.

I, is the part of 0 in which the displacements in the direction of z; are known and I'z, is the part of 0Q
in which the tractions in the direction of x; are known, such that for each i independently:

0Q=Tr, | JTu, (7)

Ngq is the number of space dimensions: 3 for a 3D problem and 2 for a 2D problem. n; is a unit vector
normal to I'r,.

The initial conditions are written as:
u; (x,0) = Uy, (x), inQ (8)
(5 (X7 0) = Vbi (X) ) in (2 (9)

2.1.2 The weak form

Let us multiply Eq. 1 by a weighting function w; (x) and integrate over :

Q Q Q

Using the chain rule and the divergence theorem we can write:

‘/O'ij_’j’widQ:/(Uij’wi) .de/Uijwi,de
Q Q 7 Q

/Uij’jwidQ:/ Uijwmjdﬂ—/aijwi,jdﬁ (11)
Q on Q
Plug Eq. 11 into Eq. 10:
/pulwde:/ Jijwmde—/Uijwi,de—&-/ fiw;dQ (12)
Q o0 Q Q
Using Eq. 7:
/ Uijwmde:/ Uijwmjdl“—&—/ aijwmjdl“
o0 Iz, T,
From Eq. 6:



/O'ijwinde:/ Tiwidl—‘—i—/ oijwin;dl
o0 I'r, r

u;

Let us choose w; such that w; =0 on I'y,;:
/ aijwmde = leldl"
o0 Tz,
Substitute into Eq. 12 to obtain:
Q Q Iz, Q
Using Eq. 2, Eq. 3 and the symmetry of Cjj:

Cijkr = Cijik

/puiwidQ—F/C’ijkluwwi,jdﬂz/ Tiwidl‘+/fiwid§2
Q Q Iz, Q

Therefore, the weak form formulation:
Find u € S such that u,;(x,0) = Uy, (x), 4;(x,0) = V,(x) and for all w € Sp:

b(w, 1) 4+ a(w,u) = l(w)

Where:

S = {u|u e 0% u=uy onI’ui}

So = {W|w eC%w, =0 onFuj}
b(w,u) = / pu;w;dSY
Q
a(w,u) = / Cijriugw; ;dQ
Q

FT'i Q
a(w,u), b(w,u) are symmetric and bi-linear, and /(w) is linear.

2.1.3 Galerkin FE approximation

Let us approximate the functions u;, w; by a linear combination of shape functions {¢ (x)}:

wi (x,t) = uf (x,8) = ) diaiy () da () = Y dan(D)da(x) + D Ggan(t)da(x)

A€ Aen; A€n,

wi(x) & w}(x) = Y Clanda(x)

A€n;



h _ h h_ .k
u’ = u;'e;, W' =w;'e;

Where e; is a unit vector in the direction of x;, and:

7; = {set of all nodes that are open (with unknown displacements) in direction ¢}
1w, = {set of all nodes that are closed (with known displacements) in direction i}

7} = {set of all nodes}

2.1.4 The semi-discrete problem

Plug the approximation to the weak form (Eq. 13):

b(w", ") + a(w",u") = I(w")

b(wfei, u?ej) + a(wfei, u?ej) = l(wfei)

Z Claidaei, Z j(Bj)Qi)Bej +a Z Claidaes, Z d(Bj)¢Bej =1 Z Claiydae;

Aen; Ben Aen; Ben Aen;

Using the linearity of a(w,u), b(w,u), I(w):

> Crai b | daei, > dispose; | +a | dax)ei, Y dpyose; | —Upae)| =0

Aen; Ben Bei

Since the weak form should be satisfied for all w € Sy, C(4;) are linealy independent:

b | daei, Z Ci(Bj)QZ)Bej +a | gae, Z CZ(Bj)cf)Bej —l(pae;)) =0, Aen,i=1,.., Ny
Ben Ben

Using the linearity of a(w,u), b(w,u):

Z |: (¢)A6i7¢B€])d\BJ)( )+a(¢Aez7¢B€]) Bj):| :l(¢Aei)a Aeniai: 1a-~-aNsd

Ben
Nsa
|: ¢Aeza¢Be])d(Bj) +a’(¢Ae’u¢Be])d(Bj :| :F(A’i)7 Aenwl: 17"'7Nsd
Jj=1Ben;
Where:
Nsa
Flaiy = l(¢aes) Z Z (¢aei, oBe;) iy + a(Paei, e;) Upy)]

j=1 Ben

U(pj) = Uj (XB)



Eq. 14 can be written in matrix form as:
M-d+K-d=F

Where:

d = {deai}
M = [Maiyj)] = [b(daei, de;)] = [/Q p¢Bej¢AeidQ:| = |:5ij/ﬂp¢B¢AdQ]

K = [K(ay(Bj)) = [a(paes, ppej)] = {/Q ¢A,kcikjl¢B,ldQ:|

F={Fua)}= /F T¢A€zdf+/f1¢A€de Z > [Miansiiicss) + Kainsn i)

J=1 B€nu,

M is the global mass matrix, K is the global stiffness matrix and F is the global force vector. The initial
conditions of the system of equations above can be derived from Eq. 8 and Eq. 9:

deay (0)=Uo, (xa),  deay (0) = Vo, (xa)

Thus the semi-discrete problem formulation:

a.(0) ~dy (15)
d (0) Vo
M= [Muaneyl.  K=[Kuayspl, F={Fayf, d={duy}

do = {dO(Ai)} = {Uoz (XA)}7 Vo = {UO(Ai)} = {VYQ1 (XA)}

M 4iy(Bj) = 6ij ; poBPAdS2, K(aiyBj) = /Q ¢ 4,kCikji¢pdS2

Flag :/r T¢Aezdr+/ Jidae;dQ — Z Z (i) (B (B + KBy UB)))

J=1 Benu,;

AET]Z', BET]_% ivje[lv"'7Nsd]



2.1.5 The element level

The global matrices and vectors will be calculated by the assembly of the element level contributions. Let
as define the element level mass and stiffness matrices:

Moo = | poutnds k@wﬂzl;mwawﬁwﬂ (16)

Where Q€ is the element domain and a, b are element level indices. The element level force vector:

Nsa
founy = /F _ Tigaesdl’ + /Q figaeid2 =3 > [mgai)(bj)ufbj) + kS0 ) Tl (17)
T;

J=1beny,

A uniform mesh will be used, with hexahedral tri-linear elements for the 3D domain and rectangular bi-
linear elements for the 2D domain. Specifically, cubic and squared elements will be used. Consider the
hexahedral element in figure 1a. In order to solve the integrals in Eq. 16, one can trnasform the domain
Q¢ in figure la to the domain Qf in figure 1b using the transformation:

x(€) =) ¢a(£)x (18)

Where x{, are the coordinates of node number a in the domain Q¢, and:

6a €)= 5 (L4 £8) (14 man) (14 Go0) (19)
[a]& [ na]¢a]
11-1]-1]-1
211 |-1]-1
311 1 |-1
41-1]1]-1
5(-1]-11]1
61 |-1|1
711 1 1
8§1-1] 1 1

Table 1: Coordinates of the nodes in the 3D tranformed element.
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(a) General hexahedral element. (b) Transformed hexahedral element.

Figure 1: 3D element.

Apply the transformation to Eq. 16:

m((iai)(bj) = 57,'j 0 p¢a¢bdﬂ = 5ij 0 p¢a (5) o8 (E) |J| dQ (20)
) £
|J] is the transformation Jacobian, defined as:
Ix
J ==
1= | 5
One can find with the help of a symbolic calculator that for a cubic element with a volume of h3:
h3
(21)

=%

It is the ratio of the volumes of the two elements in Figure 1. Substitute Eq. 21 and Eq. 19 into Eq. 20:

1

2 [ ureoaragd [ arnm@rmndn [ 14600+ 601

M (ai)(bj)sp ~ g2 ) =
3
e - p(sij ! hj o (sijph?) §abp NaTlb CaGo
M{ai)(bi)ap = g3 (/_1(1+§a§)(1+§b§)d§> == (142 (1+ 3) 14 =%

For the element level stiffness matrix, plug Eq. 4 into Eq. 16:
Kuion = | o Gacdih + G (Bt + 3udy) dnad
Apply the transformation:

klaiyvj) = / Pak (€) (Oir0jX + G (055011 + 00k;)) Po1 (€) |J] dQ
2



h3
Kaiy b5y = 3 [/\/Q Bai (§) Pb,5 (€) dQ + Gaz’j/ﬂ Pak (§) Po1 (€)d2+ G ; Pa.j (&) v, (§)dQ2|  (22)
g g g
Calculate the shape functions derivatives ¢, ; by:
a¢a (5) a¢a 65] a¢a —1
a,i (§) = = = ji 2
J~1 is the inverse of the transformation Jacobian martix:
_ 0¢
1 _ -
= ox
_ 0¢&;
1y _ 9%
(J )U axj
where the Jacobian matrix is calculated by:
Dr; o= 94 (£)
Ji‘ = = I(elv 24
J ag] ; ag] i ( )

The calculations are done with the help of a symbolic calculator. As for the element level force vector, it is
zero for all cases in this report since we discuss cases with:

;=0 Vxely,, f=0 T,=0 Vxelg

The 2D element level matrices are calculated the same way. Consider the 2D original and trnasformed
element in figure 2. The transformation between figure 2a and 2b is given by:

4
x(€) =) ¢a(€)x (25)

60 €)= 7 (1466 (14 an) (26)

Where the coordinates of the transformed element:

L& | ]

1)-1|-1
21 1]-1
3111
41-1]1

Table 2: Coordinates of the nodes in the 2D tranformed element.

For a squared element with an area of h?:

h2
|J| = T (27)

Similar to the 3D case, it is the ratio of areas of the elements in Figure 2. The 2D element level matrices
are calculated by plugging Eq. 25, 26, 27 into Eq. 20, 22, 23, 24.
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(a) General rectangular element. (b) Transformed rectangular element,.

Figure 2: 2D element.

After obtaining the element level matrices, the global matrices are assembled by the following algorithm:

- Initialize M, K
- Loop over all elements e =1 — N
- Loop over all nodes in the element a = 1 — N,
- Loop over all nodal DOF i =1 — Ny
- Get unknown number p
- Loop over all nodes in the element b =1 — N,
- Loop over all nodal DOF j =1 — Ny
- Get unknown number ¢
-ifg,p#0
- M(p,q) = M(p,q) + m{ui )
- K(p.q) = K(p.q) + k{1
- Close if
- Close j loop
- Close b loop
- Close i loop
- Close a loop
- Close e loop
N,; is the number of elements in the computational mesh and N,,, is the number of nodes in an element.

Remark: In elastodynamics problems, the number of spatial dimensions Ng; equals the number of nodal
degrees of freedom IV, 40. Therefore, while they are interchangeable in this report, they night not be when
discussing other types of problem, such as fluid flow.

Let us denote the assembly operation of the global matrix or vector M from the element level matrix /vector
m°® by M = ,Aév;”l {m°}. The semi-discrete problem formulation, with the assembly operation is therefore:

M-d+K-d =F
d(0) =dg
d (0) = vy



M= [Mansyl.  K=[Kuayspl, F={Fay}, d={duy}
do = {dO(Az‘)} = {UO'L (XA)}7 Vo = {UO(M)} = {VOZ (XA)}

sz {m} K= ANFI {ke} FZAN"’ {fe}
m* = [mfai)(bﬂ] , k= [’“(eaw(bj)] ,  f= {f&i)}

Whaian = 0 [ pound® Ky = /Q Dk Cit1 19

iy = / . Tigaeudl + / fiaeidQd — Z > [m(m) (b3) o) + Klaiy (0) Bog)

j= 1b€77

AE'I’]Z', Benjv a,b€[17~--,Nen], i,je[l,"',Nsd]

2.2 Hybrid problem

Consider the structure described in section 2.1. Assume it consists of a sub-domain in which the solution is
alomst independent of one of the coordinates. This sub-domain will be modeled as two-dimensional, such
as the finite element model of the entire structure consists of a 3D sub-domain and a 2D sub-domain. The
interface boundary between the 3D and 2D sub-domains will be denoted I's. The 3D and 2D sub-domains
will be denoted 3, (25, respectively. Examples of hybrid models are presented in section 4 and are explained
thoroughly later. In those cases, I'p = {(z,y,2)|r = zp} and so we will assume this kind of boundary in
the derivation of the strong and the weak form.

2.2.1 The strong form

Without loss of generality, assume that the solution in €25 is independent of the coordinate x3. The governing
equations are:

pit? =0+ £ i=1,2,3in 0y (28)
m’igg) = m + fi @), i=1,2in O (29)

Where:

1
= Cuklf;(gl = ka@ (u,(g l) + ul(n)) = Cijklul(:l)

The superscripts (3), (2) stand for a 3D and 2D quantities, respectively. The boundary conditions in the
domain {23 are the same as in the full 3D problem, except for the new boundary I'p which is chosen to be
traction free. The boundary conditions in €2 are reduced by averaging @; and T; with respect to x3 for
i=1,2.

The initial conditions in )3 are as in the full problem:

o

Uy =U,, vi¥ =V, in 0y

The initial conditions in )y are reduced by averaging with respect to x3 as before.

10



2.2.2 The weak form

In Panasenko’s method, the continuity of the solution at the interface is enforced strongly. If I'g =
{(z,y,2)|x = xp} this condition can be simply written as:

(3

i (g, 2) = ul? (epy) ;s i=1,2 (30)

Define the function sets .S, Sy:

S = {u = (u(Z);u(3)) \u(z) € C"(Q) u® et (Q3) ,u® (rB,y,2) = u® (B,y),u; = a; on Fui}

So = {W = (w(2); w(3)) lw? e C(Qy),w® e C%(Q3),w® (zp,y,2) = w? (z5,y),w; = 0 on Fui}
The notation u = (u(2); u(g)) should be interpreted by:

{u(Q) ($7y)a X€Q2
u=

u® (z,9,2) x€ Q3

Multiplying Eq. 28, 29 by a weighting function w € S and integrating over 23 Qs yields:

Q3 J Qe Q3 U Q2 Qs UQ2

Considering a hybrid model in which the structure in the reduced sub-domain was originally of thickness
€, the integrals over the domain Q3|9 are calculated by:

/g(x,y,Z)dQ%/ 9® (z,y,2) d93+6/ 9@ (z,y) dQs
Q Qg Q2

Where ¢(®) (2,%) is the 2D representation of the original g (z,y, z) in the domain Qy. The repercussion of
this on the element mass matrices in the domain €2, is that they should be multiplied by €. Consider the
case where f; = 0:

/ 0@ pii® 0, + € / W@ pii® g, — / o w®a0y + ¢ / o0,
Q3 Qg Qg Qo

Using the divergence theorem yields:

/ wgg)pd§3)d§23+e/ wf)puf)dﬂg :/ ag’)wf)njdﬂg—/ Uff)wf?;)ng
Qs Q2 Qs Qs

+ 6/ Ug)wl@)njdflg — e/ 1(]2) (Q)dQ
1923 Qo

Let us choose w such that w; =0 on I',,. Additionally, the problem we are interested in has homogeneous
Neumann boundary conditions on I'r;, thus:

/ wgg)piig?’)dﬂg Jre/ w,EQ)p’l.;LEQ)dQQ = —/ ngkluk l)w( )dflg / C’zjklu,g lw( )ng
Qg Qz Qg Q2

Denote:

11



b(w,u):/ w(‘?’)pu )d§23+e/ wgz)pu?)dﬁz, a(w,u):/ C’ijklu,(jl)wg?ng—l—e/ C’ijklu,(fl)wg?j)dﬁg
Q3 Qg Qg3 Qo

Therefore, the weak form of the problem:

Find u €  such that u (x,0) = (U U ), it (x,0) = (V75 ViV and for all w € Sp;

b(w,i)+a(w,u)=0

b(w,u):/ wZ(B)puES)ng—&—e/ w pu 2 a0,
Qg QQ

a(w,u) :/ kal“kl (S)de, + e/ C’”kluklw@)dﬂg
Qg Q2

2.2.3 The semi-discrete problem and assembly of M, K

One can discretize the equations of the weak form using Galerkin FE approximation. The approximation
is done at the element level for each sub-domain individually:

" _ _(2 2 ‘
u? Z dea (t )6y (x) + Z EA)Z)(t) D(x); i=1,2

Aen?b AenzP

h
u = 3 dan e )+ Y al e x5 =123

Aenspb AeniP

n*P = {set of all nodes in the 2D sub-domain which are open in direction 4}

773? = {set of all nodes in the 2D sub-domain which are closed in direction i}

7*P = {set of all nodes in the 3D sub-domain which are open in direction 7}

773? = {set of all nodes in the 3D sub-domain which are closed in direction i}

_(2 _(3
aly = (xa), Al = (xa)

The shape functions ¢(?), $(3) are bi-linear and tri-linear shape functions defined by Eq. 26, 19 in & domain,
respectively. The coupling between the two approximations by Eq. 30 is carried out by assigning the same
open node numbers to all the nodes at a certain point on the interface plane on plane XY (zp,¥o), from
both 3D and 2D sub-domains. Substituting the approximation in the weak form results in the linear system
of equations:

M-d+K-d =0
d(0) =dg
d(O) = Vo

It differs from the full 3D case semi-discrete problem by the number of unknowns and by the assembly of
the matrices M, K. The hybrid assembly algorithm consists of two loops over the elements in the model -

12



one loop for the 3D elements and one loop for the 2D elements. Obviously, when looping over 3D elements
one should use the 3D element matrices and when looping over 2D elements one should use the 2D element
matrices (multiplied by €). Let us denote the hybrid assembly operation of the global matrix or vector M

from the element level matrix/vector m® by M = A" Net

for the hybrid case, with the assembly operation:

d (0) —d,
d(0) Vo
M= [Muaneyl. K=[Kuayspl, F={Fayf, d={duy}

do = {d0<Az‘>} = {Uo, (xa)}, Vo = {Uo(m)} ={Vo, (xa)}

M= A" m},  K=A"D (K}, F = A (59

m’ = [mﬁai)(bﬂ')] , K= [k(eai)(bj)] .t = {f&i)}

oy {m°}. The full semi-discrete problem formulation

me €0ij Jo. P¢¢(12)¢;(,2)d92, e € Qap e _ € Joe ¢512,;)€Cikjl¢1(;721)d927 e € Q2p
(ai)(5) i foe pd D P ds, e € Qap (@0)(03) Joe ¢((1?:;)€Cikjl¢lgi)d937 e € Q3p
T 2) (2) ,(2) 2 e e e e
foo = efri. Tio eadls + € oo 11797 eidhy — €251 Loben,, [m(ai)(bj)u(bj) +k<ai)(bj)“<bj>]’ ¢ € Gap
(ai) — 7 (3 (3) 43 3 e e e e
fpeﬂ Ti¢a eidls + [o. f;7 ¢ €idQ3 — 3054 Zbe%j [m(ai)(bj)u(bj) + k(ai)(bj)u(bj)} , e € Qsp

a,be

17"'7N£3L) ) BEQQD 1.2 c
i [1,2], e€Qap Aem, Ben

17"'3Ne('?1) 5 GEQP,D’ [15273]a 66Q3D’

Q2p = {set of all 2D elements} , Q3p = {set of all 3D elements}

2.3 Solution of the semi-discrete problem: Newmark family of time stepping

methods

Consider the time-dependent linear system of equations 15. Let us denote:

At - time increment, n - time step number, ¢, = nAt

d,,, v, a, are the approximations d, d, dat ¢t = t,,. respectively:

dymd(ty), Vomd(t,), am~d(t)

F, = F (t,) is the exact force vector at t = t,,.

Newmark time-stepping method approximates d,,+1,v,41 by:

Vn+1 %Vn‘i’At[(l*’Y)an“i’rYan—&-lLOS’YS1

13



At)? 1
Aot =dy + Atv, + B0 (1 - 29)a, 4 208, 0< 5 < L

Starting from the initial vector dg, the time stepping is carried out using a predictor-corrector algorithm:

Predictor:
- At)?
d, 1 =d,Atv, + % (1-28)a,
Vo1 = VoAt (1 —7)a,
Corrector:
dpi1 = dnst + B (AN apyy (31)
Vn+1 = \an+1 + 'yAtanJrl (32)
Solution:

M-a,1+K-dpy1 =Fpp

M-a,11 +K- (an+1 + B (At) an+1> =Fnu

M+ B8(A)’K | -apy1 =Fppy — K- dpys (33)
~— ~—_— —
M+ F*

n+1

Solve 33 and plug into 31, 32 to obtain the solution at time step n + 1. dg, vg are given and ag is found
from Eq. 33 with n 4+ 1 = 0.

3 Description of the Computer Program

In each of the cases (1,2a,2b) described in section 4 the structure of the program is the same. The differences
are in the geometric and mesh parameters and in the mesh generation. In each case the function “main” is
divided into 5 sections:

1. Parameters: Definition of geometric, mesh, material, time stepping and initial conditions parameters.

2. Mesh: Generation of the mesh and the matrices ID(i, A) = A, IEN(a,e) = A, LM(i, a,¢e) = A where
A is the global node number, A is the global unknown number, 4 is the spatial dimension index -
representing the number of the DOF in a certain node, e is the element number and « is the element
level node number. If node A is not an unknown in direction i (or, node a in element e is unknown in
direction %) the global unknown number of Ais A =0. These matrices are used to obtain the initial
conditions vectors and identify the unknowns in the assembly algorithm.

3. Assembly: The assembly of the global mass and stiffness matrices.
4. Initial Conditions: Get the initial conditions vectors dg, vg.

5. Time Stepping: Implementation of Newmark time stepping to obtain the time-accurate solution.

The relevant functions in each of the sections mentioned above are listed below.

14



Mesh

e Mesh Generation: There are 4 functions which generate the computational mesh: Two for case 1
(“FullMeshCasel” for full & “HybridMeshCasel” for hybrid problem) and two for case 2 (“FullMeshCase2”
for full & “HybridMeshCase2” for hybrid problem).

e Matrices: The function “Gena_bc” where a is “ID”/”TEN”/"LM” b is “Full” or “Hybrid” and c is “1”
or “2” returns the matrix a of the b (full/hybrid) problem in case c. For example, “GenID_Full2”
returns the matrix ID of the full problem in case 2. In the hybrid problems, the matrices ID,IEN,LM
are splitted in two - the matrices ID_H, IEN_ H, LM _H are of the higher-dimension sub-domain and
ID L, IEN L, LM _L are of the lower-dimension sub-domain. In the assembly process, the higher-
dimension matrices are used in the first element loop (over the higher-dimension elements), and the
lower-dimension matrices are used in the second loop (over the lower-dimension elements).

Assembly

e The functions “asmMK” and “asmMK_Hybrid” return the global mass and stiffness matrix of the full
and hybrid problem, respectively. These functions remain unchanged between cases 1 and 2. The full
and hybrid assembly algorithms are as written in sections 2.1.5, 2.2.3.

Initial Conditions

e The function “IC_bc” where b is “Full” or “Hybrid” and c is “17, “2a” or “2b” returns the initial
conditions vectors dg, vg of the b (full/hybrid) problem in case c. The initial conditions in each case
are presented in detail in section 4.

Time Stepping

e The function “Newmark_bc” where b is “Full” or “Hybrid” and c is “1” or “2” carries out Newmark
time-stepping and plots the solution at each time step (via a sub-function which plots the solution).
It returns a matrix “sol” which contains the solution at all the nodes at all time steps, and an array
“frames” which is used to export the solution to a video. The calculations and storage of the matrix
“s0l” require a lot of memory and it increases the computational time significantly. It is used only
when calculating the error. Therefore, when not needed, it should not be computed or stored. Eq.
33 is being solved iteratively using Preconditioned Conjugate Gradients Method, implemented by
MATLAB function “pcg”. The maximum number of iterations is limited to 50, and the iterative
process ceases when an error of 1074 is achieved.

The functions listed above are independent, namely the functions do not call each other, but only being

called from “main”. “main” stores all the parameters, matrices and arrays, and sends the relevant input to
each function.

4 Numerical experiments

4.1 Case 1: Plane stress problem

We'll first consider a simple case where the solution is expected to be almost entirely two-dimensional, and
examine wether the hybrid solution can or cannot approximate the reference solution well. The reference
solution in this case is the finite elements solution of the full 3D problem. If the reference solution is
entirely 2D on the interface plane, then the error associated with the dimension reduction is expected to
be negligible. However, the coupling error might not be.

Plane stress problems involve a very thin plate in which the stresses are zero in the direction normal to
the plate plane. Since the stresses are zero in this direction the problem is essentially two-dimensional. For
that reason this is the first case that will be inspected to validate the hybrid solution.
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4.1.1 Full problem specification

A thin plate is subjected to non-zero initial displacements. It has one fixed face, a smooth contact type
of boundary condition is enforced on the upper and lower surfaces (namely the displacements normal to
the top and bottom faces are zero and in the other directions they are traction free) and the rest faces are

% Fixed

Smooth contact
All the other boundaries are traction free

traction free.

Za < L, . & ]
€
o 7z y
e »
x

Figure 3: The plane stress problem discussed in case 1.

The initial displacement field is chosen to take the form:

. L

— < ZB
o (x) Acos (—4mr +m)#, r < (34)
0, otherwise

VO (X) =0

where r is the distance from the center of the plate andr is a unit radial vector:

W,

Yy— =5

f# = arctan 7
p

r==

The direction of the initial displacement field is purely radial with respect to the center of the plate. The
chosen initial conditions are continuous and differentiable in the entire domain. It is shown on plane XY

in Figure 4.

16



Displacements in Direction x on Plane XY - Plane Stress Problem
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Figure 4: The initial conditions on plane XY, case 1.

Geometric parameters: L, = 12 [m], W, =2 [m], ¢ = 0.2 [m].
Computational mesh: a uniform cubic tri-linear elements mesh with an edge length of h = 0.025 [m] was
used. The mesh consists of 307,200 elements, 350,649 nodes and 972,000 degrees of freedom.

Time-stepping: an implicit method with v = 0.5, = 0.25 was used, and the chosen time increment is
At = 107° [sec] with a simulation time of 3 - 1072 [sec] (300 time steps).

Material properties: p = 2.7 [£], G = 25.92 [GPa], A = 60.49 [GPa] (of aluminum).
The amplitude of the initial displacements: A = 0.04 [m).

4.1.2 Hybrid problem specification

The hybrid problem domain is presented in the figure below. A part of the domain is remained unchanged
while the other part is modeled as two-dimensional.

% Fixed

Smooth contact

All the other boundaries are traction free

Figure 5: Hybrid plane stress problem discussed in case 1.

The same geometric parameters where chosen with interface location of zp = 6 [m|, meaning that the
interface plane is at the center of the plate. In the 3D sub-domain the same mesh as in the full 3D
configuration was used, and a uniform squared elements mesh was used in the 2D sub-domain with h =
0.025 [m]. The mesh consists of 172,800 elements, 195,210 nodes and 523,584 degrees of freedom. The same
time-stepping scheme as in the full 3D problem is considered. Since the initial conditions discussed in the
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full problem are independent of the coordinate z, the exact same initial conditions are considered and there
is no need to take the average (Eq. 34). The boundary conditions of the 2D sub-domain are all traction
free, as well as the boundary conditions on the interface plane. The smooth contact boundary condition on
the top and bottom faces is enforced naturally in the 2D sub-domain.

4.1.3 Results

The solution of the full and hybrid problems are presented in Figure 6 at a number of time steps. The
interface plane in the hybrid problem’s solution is marked by a thin red line.

The difference between the hybrid and reference solution is clearly small. The displacement field seems to
be almost identical in both solution, while the hybrid solution has a significantly lower number of DOF.
Now that it seems possible to benefit from the hybrid configuration, we can examine a more complicated
problem in which the solution is not fully two-dimensional in the entire domain. A thorough analysis of the
error will be carried out later.

4.2 Case 2: General 3D problem
4.2.1 Full 3D problem specification

Consider the structure shown in Figure 7. It consists of a cubic part with one of its faces fixed, and a thin
plate with smooth contact boundary condition on the top and bottom faces. The rest of the boundaries are
traction free. The structure is made from a linear isotropic material, such as aluminum. We are interested
in the displacement field of the structure as a function of time due to non-trivial initial conditions.
Geometric parameters: L. = 2[m], L, = 10 [m], ¢ = 0.2 [m] in case (2a) and € = 0.25 [m] in case (2b) (both
cases will be presented in detail later).

Computational mesh: uniform mesh, tri-linear cubic elements with edge length of h = 0.025 [m]. The grid
is shown in Figure 8 for ¢ = 0.2 [m]. The mesh consists of 832,000 elements, 887,841 nodes and 2,579,040
degrees of freedom with e = 0.25 [m], and 768,000 elements, 823,041 nodes and 2,384,640 degrees of freedom
with € = 0.2 [m].

Time-stepping: At = 107° seconds, total simulation time of 3- 1072 seconds, a total of 300 time steps. The
time stepping parameters are v = %, 8= i.

Case (2a) The initial displacements field is:

~ L.
Uy (x) = Acos(—4rr+m) 8, r< T (35)
0, otherwise
Vo (X) =0
With:
A=10.04 [m]

Lo\ Lo\
— _ Le _ L 2
r <3c 2)+(y 2) +z

18
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Figure 6: The solution of the full and hybrid problems at a number of time steps.
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Displacements in x

direction are shown at the top off each sub-figure, displacements in y direction are at the bottom. The left

part of each sub-figure shows the solution to the hybrid problem and the right part to the full problem.
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Smooth contact

All the other boundaries are traction free
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Figure 7: Full 3D problem structure discussed in case 2.
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A snapshot of the initial conditions in XY plane is presented in Figure 9.
The initial displacements in z direction at the center of the cube z =y = % are shown in Figure 10.

Initial Displacements in z Direction at the Center of the Cube
0.1 T T \

0.05

-0.05

-0.1 I I I I I I I I I

z

Figure 10: IC in z direction as a function of z at the center of the cube.

Figures 9, 10 emphasize the strong dependency of the initial conditions in all three coordinates, thus the
solution in the cubic domain is expected to be fully three-dimensional and cannot be approximated using
a 2D model. The solution in the thin plate, however, might be independent of the z coordinate far away
from the cubic domain due to its small thickness and smooth contact boundary conditions.

Case (2b) In this case the initial conditions are given by:

nr(x—1/2) nm(y—1/2) nmz _
U, () = cos( ; )cos( ; )cos(2l), z€[0,l],ye€0,l],z €[] (36)
0, otherwise
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(a) Side view.

(b) Top view.

(c) Trimetric view.

Figure 8: Full problem’s grid, case 2. Black grid is the cubic structure and red grid is the thin plate.

Ugy = Uoz =0

Vo(x)=0

Where the parameters n, [ are chosen arbitrarily. Obviously, [ < L.. The parameter ! determines the volume
of the non-trivial initial conditions domain and n determines the number of cycles of the displacement field
(as it is periodic) in this domain. As n increases, the initial displacements are more oscillatory in the
non-trivial IC domain. Notice that for even values of n the initial displacements are not continuous on the
boundary of the non-trivial initial conditions domain.

For example, the initial displacements field for n =0,1,2 and | = L./2 is presented in Figure 11.

In this case as well the solution in the cubic domain cannot be approximated as two dimensional.

21



Initial Displacements in Direction x on Plane XY
T

$ ! ! ! ! !
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X

Initial Displacements in Directiony on Plane XY
2 T T T 0.015

Figure 9: The initial conditions in case (2a).

4.2.2 Hybrid problem specification

Because the plate is assumed to be much thinner than the cube and a smooth contact boundary condition
is enforced along the thin plate, the variation of the solution in the direction of z is expected to be small in
the thin plate. Therefore, let us approximate the model shown in Figure 7 by the model in Figure 12.

é Fixed

Smooth contact

All the other boundaries are traction free

L
+—p

< p

y

Figure 12: Hybrid problem model discussed in case 2.

The same geometric parameters as in the full problem are considered with interface location xg = 4. A
uniform mesh made of tri-linear cubic elements was used in the 3D sub-domain and a uniform squared
bi-linear elements mesh was used in the 2D sub-domain, both with a mesh parameter h = 0.025 [m]. It
is shown in Figure 13 for € = 0.2 [m]. The hybrid mesh consists of 601,600 elements, 628,722 nodes and
1,825,740 degrees of freedom with € = 0.25 [m], and 588,800 elements, 615,762 nodes and 1,787,184 degrees
of freedom for e = 0.2. The same time-stepping and material properties as in the full problem are discussed.
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Figure 11: Initial displacements for n = 0,1,2 and [ = L./2 (top to bottom).
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In both cases (2a) and (2b) the initial conditions are zero in the 2D sub-domain, thus the initial conditions
in the hybrid problem are the same as in Eq. 35, 36.

’ | Full, e = 0.2[m] [ Hybrid, e = 0.2[m] | Full, e = 0.25 [m] | Hybrid, € = 0.25 [m] |

Number of elements 768,000 588,800 832,000 601,600
Number of nodes 823,041 615,762 887,841 628,722
Number of DOF 2,384,640 1,787,184 2,579,040 1,825,740

Table 3: Comparison between full and hybrid grid’s number of elements, nodes and degrees of freedom

Table 3 shows a saving of about 600,000-800,000 (depending on ¢) degrees of freedom with the use of a
hybrid model.

(a) Side view.

(b) Top view.

(c) Trimetric view.

Figure 13: Hybrid problem’s grid, case 2. Black grid is the cubic structure (3D), red grid is the 3D part of
the thin plate and green grid is the 2D sub-domain.
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4.2.3 Results

Case (2a) The magnitude of the displacements on plane XY at different times is presented in Figure 14,
comparing between the full and the hybrid configuraions. The interface of the hybrid model is marked by a
red line. Similar to case 1, the difference between the solution of the hybrid problem and the full problem
is hardly noticeable. However, recall that the full problem’s solution in case 1 was inherently 2D, where in
this case it is not.

Magnitude of the Displacements on Plane XY - Hybrid Problem Magnitude of the Displacements on Plane XY - Hybrid Problem

o015 2
15
001
0005
o 2 4 6 8 10 it}
x

of the Di:

4 6 s 10 12

Magnitude of the Displacements on Plane XY - Full 3D Problem Plane XY - Full 3D Problem

2 4 6 s 10 12 o 2 4 6 [ 10 it}
x x

(a) t = 1.6 - 1074 [sec] (b) t =5.6- 1074 [sec]

Magnitude of the Displacements on Plane XY - Hybrid Problem

o 2 4 s 8 10 It
x

Magnitude of the Displacements on Plane XY - Full 3D Problem

0 2 s 6 8 10 It
x

Magnitude of the Displacements on Plane XY - Hybrid Problem

2 4 s 8 10 12
x

Magnitude of the Displacements on Plane XY - Full 3D Problem

>

2 . 6 8 10 12
x

(c) t =1.67-1073 [se| (d) t =2.53- 1073 [sec]

Figure 14: Magnitude of the displacements on plane XY at a number of time steps, hybrid and full problems
comparison, case (2a). The solution to the hybrid problem is shown at the top of each sub-figure, and the
solution to the full problem at the bottom.

Case (2b) Snapshots of the solution at several time steps are shown in Figure 15. In the hybrid solution,
the interface plane is marked by a red line. The chosen initial conditions parameters are n = 1,1 = %
Once again the hybrid solution follows the full solution with an unnoticeable error.
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Figure 15: Magnitude of the displacements on plane XY at a number of time steps, hybrid and full problems
comparison, case (2b). The solution to the hybrid problem is shown at the top of each sub-figure, and the
solution to the full problem at the bottom.
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4.3 Error Analysis

The error analysis will be carried out for the non-trivial cases (2a),(2b). Specifically, we will examine the
variation of the error with the interface plane location zp and thickness of the plate € in case (2a) and the
dependency of the error on the initial conditions parameters n,! in case (2b). It is expected to obtain that
the error drops as the interface gets farther away from the 3D sub-domain in the hybrid model in case (2a),
as the reference solution becomes less dependent on z with the distance along the thin plate. Additionally,
the solution is less 3D when the plate is thin, therefore we also expect the error to grow when discussing
thicker plates.

4.3.1 Variance Calculation

The variance of the displacements field u(x) at a constant z section in the thin plate is defined as:

11 L. € T
var(z) = ZT/O /0 /0 lu(z,y, z,t) — a(z, y,t)| dtdzdy

1 €
ﬁ(l’,y,t) = ;/ u(xvyvzat)dz
0

u(z,y,t) is the average of the solution with respect to z, A = L.e is the cross section area of the plate,
T is the total simulation time. The variance provides a quantitative representation of the 3D nature of
the solution in a certain x section. If the variance is zero at a certain x value, it means that the solution
does not depend on z at all in that x section. As explained before, Panasenko’s coupling method strongly
enforces that the solution on the interface plane is two-dimensional. The coupling error will be reduced if
the true solution is somewhat two-dimensional on the interface plane. Expanding the variance definition to
the finite elements solution u” at a constant z = z; section results in:

var (z;) =

N, N
ZZ l'z7yjazkatn) 7ﬁh (:L'hyjatn){AtAZAy (37)
1k=1n=1

’ﬂ\
i Mg

where a" is the average displacement in the z direction:

1

N.
uh(%ayg’ EZ xuijzkatn)AZ

Ny is the number of nodes along y-axis direction at * = x;, N, is the number of nodes along z-axis at

x = x;, Ny is the number of time steps. Since we consider a uniform mesh in all cases: Az = Ay = h.

Case (2a) The variance of the full solution of case (2a) along the thin plate is presented in Figure 16
with two € values. Z is the normalized distance along the plate, defined as & = u At the vicinity of
the intersection between the thin plate and the cubic structure the solution is still three dimensional, and
its dependency on z grows with the thickness of the plate. Thus the variance is larger for the thicker plate
when Z is small. For larger values of Z the variance is small in both cases as discussed previously.
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<103 Variance of the 3D Solution Along the Thin Plate
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Figure 16: Variance of the full 3D solution of case (2a) for e = 8h, 10h.

Case (2b) The variance of the 3D solution of case (2b) is shown in Figure 17 for the initial conditions
parameters: n = 2,3, I/L. = 0.25,0.5,0.75,1. At higher values of Z it is clear that as the region of non-
trivial initial condition grows, the variance along the thin plate increases as well. For smaller & the case
l/L. = 0.5 does not follow this conclusion, but lower values of & are usually not of interest since the coupling
error would be large if the interface plane &z would be placed there.

4.3.2 Error Calculation

Let us define the error of the considered solution u” relative to the reference solution u,. s

B — Yor Zwae u" — uref|
| =
ZT ZNcube |uref‘

It is the summation of the norm |uh — uref| at all time steps and at all nodes in the cubic structure,
normalized by the sum of the norm |u,.¢| at the same time steps and nodes. The error is only calculated
at the cubic part of the domain, since it is of the most interest.

Case (2a) The error of the hybrid solution relative to the full 3D finite elements solution of case (2a)
was calculated for the same values of € as in Figure 16, and for several values of interface location zg. The
results are shown in Figure 18. Obviously, as the interface plane is placed farther away from z = L. the
error decreases. It follows the conjecture written at the begining of section 4.3, and is consistent with Figure
16. The error is small when the interface is positioned at a plane where the variance is adequately small.
The error reaches a constant value at around Zp = 0.15, it is the error associated with the coupling method
and cannot be minimized with optimizing the interface location. Since the error is calculated relatively
to the full 3D finite elements solution, it consists of both the coupling and the dimension-reduction error,
but not the spatial and time discretizations caused by using a finite element model and a finite differences
time marching scheme. Thus, it better calrifies the expenses of using the hybrid model instead of a full 3D
model.

Remark: The computer program written for this report failed to solve the hybrid problem with plate
thickness € = 12h, probably due to an error in the program and not because of a limitation of the hybrid
model.
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%107 Variance of the 3D Solution, n =2
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(b) Variance for n = 3.

Figure 17: Variance of the full 3D solution for n = 2,3 and several values of I, case (2b).
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E, Error vs Interface Location
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Figure 18: FE; error of the hybrid solution, case (2a).

Case (2b) The F; error of the hybrid solution for a several values of initial conditions parameters n, /L.
with plate thickness of € = 10h is shown in Figure 19. The error is the highest for n = 3, and is the lowest
for n = 1. We would expect that as the wavelength of the initial displacements decreases (namely, n is
higher and the initial displacements oscillation is at a higher spatial frequency) the error would be larger
due to a rise is the three-dimensional nature of the problem. This is the case in the average sense, namely
there is a certain rise in the error as n increases, but it is not monotonic. Recall that the initial conditions
are only continuous for odd values of n (see Figure 11), and it might has an influence on the error.

Figure 17 implies (given that the interface is positioned far enough from the cubic structure) that the error
should grow with I/L., as the variance increases with {/L.. It seems that the error decreases when /L,
increases (in the average sense), allegedly in contradiction to the results from Figure 17. However, notice
that the differences in the error with the variation of the initial conditions parameters are about 1.5%
at the most, where the differences in the error with the variation of the interface location is about 6%
for the considered plate width (¢ = 10h). Moreover, if observing specifically the influence of {/L. on the
error (taking a constant n), the difference is about 1% at the most, and is even about 0.5% in most cases.
Therefore, the dependency of the error on the initial condition parameters, especially the dependency on
/L., might be too weak to deduce solid conclusions on the dependency of the error on these parameters.
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Influence of Initial Conditions Parameters on £; Error
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Figure 19: E; error of the hybrid solution, case (2b).

5 Summary and Conclusions

Several cases were inspected in order to validate the hybrid finite-elements solution against the full solution.
All resulted in the conclusion that if the interface plane is positioned well, the difference between the hybrid
and full problem’s solutions is small.

Different geometries, boundary conditions and initial conditions affect the three-dimensional nature of the
solution in many ways, making the hybrid model less or more accurate. Still, if there is a domain of low
dependecy on one of the coordinates, the use of a low-dimension model in that domain will reduce the
number of DOF in the entire model significantly with a very small harm to the accuracy and no harm to
the resolution at all.
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