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Abstract

This work presents a methodology for detecting collision trajectories with the
secondary mass in Hill’s three-body problem, applied to the Mars-Deimos system.
The inherent singularity at the collision point is alleviated by employing the Levi-
Civita regularization, which transforms the equations of motion into a nonsingular
form. A systematic search for collision trajectories was performed by numerically
integrating the regularized equations backward in fictitious time from the center
of the secondary body. The investigation spanned a range of Jacobi constants and
initial collision angles. Trajectory data was subsequently transformed into the Hill
rotating frame, and Deimos’ physical rotating frame. The results indicate that
a Jacobi constant of C' = 3.76 yields a particularly large set of escape/collision
trajectories for a relatively low energy. A further investigation was conducted for
C = 3.76 by identifying a trajectory that meets the condition of minimizing impact

velocity.



1 Introduction

Orbital mechanics as a field of study traces its origins to the early 17th century, when
Johannes Kepler used Tycho Brahe’s detailed astronomical data to formulate his laws of
planetary motion [1], which describe the motion of two celestial bodies. This marked a
key shift from descriptive astronomy to a predictive physical science. Sir Isaac Newton
later provided the theoretical foundation in his Principia (1687) [2], introducing the laws
of motion and the law of universal gravitation. Among other things, Newton described an
attempt to understand the motion of the moon, which is considered the first investigation
into the three-body problem.

Whereas the two-body problem described by Kepler’s laws is an integrable problem
with an exact analytical solution, the general N-body problem, involving three or more
bodies, lacks such a solution, and the system is known for its richness and diversity.

The first attempt to find a particular solution to the three-body problem was done
by Euler [3], who also formulated the well-known circular restricted three-body problem
(CR3BP). The CR3BP is a significant simplification of the general three-body problem.
This model considers the motion of an infinitesimal third mass under the gravitational
influence of two primary masses, which are in a circular orbit around their common center
of mass (barycenter). Soon after, Lagrange discovered the triangular equilibrium points
of the CR3BP [4].

Following Euler and Lagrange, Jacobi found a first integral of the circular restricted
three-body problem in a synodic frame [5]. Hill recognized that, by using the Jacobian
integral, there exist regions in the rotating frame wherein the massless body cannot enter.
The boundary between the forbidden regions and the accessible regions is a zero-velocity
curve [6].

Another important model for the restricted three-body problem was formulated to
analyze the motion of the Moon with respect to Earth [7]. This model, referred to as
Hill’s circular restricted three-body problem (HCR3BP), reformulated the CR3BP model
for the case where the primary’s mass is significantly larger than the other two bodies.

In 1893, Henri Poincaré published his book Les méthodes nouvelles de la mécanique
céleste [8], which contributed significantly to the understanding of the three-body prob-
lem. Poincaré’s work, together with that of Heinrich Bruns, proved that there is no
general analytical solution for the three-body problem. Moreover, Poincaré determined
the unpredictable nature of the dynamics, which laid the foundation for chaos theory.

A marked characteristic of Hill’s problem is that the resulting equations of motion,
when appropriately scaled and viewed in rotating coordinates centered at the secondary
mass, become independent of the specific mass ratio of the primaries [9]. This normal-
ization allows the dynamical analysis to be generalized across various systems exhibiting
a similar mass hierarchy.

The HCR3BP model has been used for the investigating of periodic orbits [9-12],



finding periodic orbits under perturbations such as solar radiation and oblateness [13-15],
studying the dynamics of satellites [16], modeling the dynamics of star clusters [17],
and detecting collision and escape trajectories [18]. Conley coined the term low energy
transient orbits [19]. These transient orbits, which are orbits moving from a region
dominated by one gravitational body to another, must pass near the collinear Lagrange
points. Villac and Scheeres studied low-energy transient orbits in the Hill frame [20],
and numerically found low-energy escape trajectories using a Poincaré surface of section
(SoS) in the Hill frame.

The main objective of the current study is to identify trajectories that impact the
secondary body under the dynamics of Hill’s problem. By identifying such collision
trajectories, low-thrust guidance can be subsequently used for energy-efficient rendezvous
with the secondary celestial body [21]. While numerous applications for such collision
trajectories can be identified, this study focuses on the Mars-Deimos system. In this
application scenario, Mars is treated as the primary and Deimos as the secondary, for
which collision trajectories are found. This physical system is particularly well-suited for
analysis under the Hill problem approximation due to its mass hierarchy [22-24].

The motivation for finding low-thrust, fuel-efficient collision orbits with Deimos stems
from several reasons. The origin of Phobos and Deimos is still an open question [22,25].
Whereas multiple missions have made observations of these celestial bodies, no spacecraft
has ever landed on a Martian moon. Moreover, these bodies are recognized as having
a high potential value for Mars exploration and for future human missions to Mars [26,
27], with applications including telecommunications, transportation, and infrastructure
services.

The methodology for finding the collision orbits includes simulating the differential
equations of Hill’s problem backward in time starting from the coordinate system’s origin,
which is located at the center of mass of the secondary body. Due to the inherent singu-
larity at the origin, the Levi-Civita regularization [28] was implemented. It is well known
that for a collision trajectory to move from one Hill region to another, the zero-velocity
curves (ZVC) must open in the vicinity of the Lagrange points. Thus, by integrating
backward in time, only trajectories that pass through the vicinity of these points are

considered applicable trajectories.

2 Model Formulation

2.1 The Circular Restricted Three-Body Problem

We consider the motion of a massless body S in the gravitational field of two primary
bodies, P, and P, which are in a circular orbit around their common barycenter. It is
common to use normalized units such that the gravitational constant is 1, and the orbital

period is 27. A barycentric synodic coordinate system is defined such that the primaries



are fixed on the z-axis, as shown in Figure 1.
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Figure 1: Synodic coordinates for the planar circular restricted three body problem

Let u = mo/(my + ms) € (0, %), where m, and mo are the masses of P, and P,
respectively. Moreover, p1 = ((z + p)% + 92)2 and ps = ((z — 1 4 p)2 + y2)2 are the
distances from S to P; and P, respectively.

In this configuration, the normalized planar CR3BP equations of motion, describing

the motion of S under the mutual gravitational forces of the primaries, are given by [29]
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In this framework, the five Lagrangian libration points, are denoted by (L;) [29]. The
points (L1, L, L3) are aligned collinear with the primaries. The remaining points (Lg4, Ls)
form an equilateral triangle with Py, P,; thus Ly and Ls are located at (% — I, :l:\/Tg) The

position of the collinear is given by the equation [29].
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The Hamiltonian of the planar CR3BP is given by [10,29, 30]

1 l—p p
H=-(p:+p)— — = Py — Py 3
5 ) T, y (3)

where the momenta are p, = @ —y and p, = y + 2. The dynamics are constrained by the

Jacobi integral C', a constant of motion defined by

C=—2H =20 — (> + 9°) (4)

2.2 Hill’s Approximation

Hill’s problem is a limiting case of the CR3BP, which describes the dynamics in the
vicinity of the secondary, P, when p — 0 [7,9]. By shifting the coordinate system origin
to P, applying a scaling transformation of the coordinates (z,y) by ,ué, and performing

a Taylor-series expansion [31], the Hamiltonian becomes
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Hill’s circular restricted three-body problem (HCR3BP) was proven to be non-integrable
[32], similarly to the CR3BP. The effective potential of the HCR3BP is defined as

1

The corresponding equations of motion are given by [29]
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where r = y/x? + y2. The Jacobi constant Hill’s problem is given by

0:%<¢2+y2>—;x2—1/r (8)

Figure 2 depicts the coordinates of Hill’s problem, wherein the secondary P, is posi-
tioned at the origin, and the primary is effectively moved to minus infinity as a result of

the coordinate scaling transformation [10].

2.2.1 Lagrangian Points and Zero-Velocity Curves

Whereas the CR3BP is known for its five Lagrangian points [29], the HCR3BP dynamical

system comprises only two, with the other equilibrium points eliminated due to the ap-
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Figure 2: The coordinate system for Hill’s circular restricted three body problem

proximation process [10]. The surviving equilibrium points are the collinear Lagrangian
points L; and Lo, located at x = +(1/3)/3 on the z-axis [29]. The boundaries of acces-
sible motion are defined by the zero-velocity curves (ZVC) [19], given by the condition
2Q(z,y) = C. For C > 33 £ C*, the ZVC form a closed region around the secondary,
trapping the particle; hence, no collision trajectory passing between the Hill regions can
be found. As C decreases to the critical value C* = 3%3, the ZVC open at Ly and Lo,

creating passages that allow for escape or capture trajectories.
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Figure 3: Zero-velocity curves for different values of the Jacobi constant C.

2.2.2 Inherent Symmetries

Another widely-discussed properties of the HCR3BP are fundamental symmetries, which
simplify the analysis [10,20,29]. Let ¢ = (z,y,4,9) denote a valid solution to Egs. (7).



Then, the following symmetries hold:

g: <m7y7j:7y) £1_> CSI = (—l'7y,i'7 _y) (9&)
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Moreover, due to the lack of explicit time dependence in the dynamical in the synodic
frame, an important symmetry concerning time ¢ arises: a solution traced back in reverse

time also constitutes a valid solution,
.. S o
<: ($7y7$7y7t) —t>CSt = (1177?/,377?% _t) (10)

2.3 Levi-Civita Regularization

To handle the singularity in the equations of motion at the origin (r = 0), we apply
the Levi-Civita regularization [28] [33] [29].Let us introduce new variables w,v in the
complex plane. We use the complex transformation z = f(w) = w?, where z = x + iy

and w = u + iv. This gives the coordinate transformation
r+iy = (u+iv)? z=u®—0* y=2uw (11)

The Levi-Civita transformation introduces a fictitious time 7 related to the physical time

t through
dt
A(u? + v?) (12)
This transformation converts the equations of motion into the nonsingular, harmonic-

oscillator form [29]

u” — 8(u” + v = 2—2 = du [3(v® — v*)(3u® +v%) — C] (13)
v+ 8(u? + vt = 2_2 = —4v [3(u® — v*)(3u® +v*) + C] (14)

3 1 C
Qu,v) = [§x2 +-— 5] If'(W)? = 6(u® +vH)(u? —v*)? +4—-2Cw* +v*)  (15)
T
and () denotes differentiation with respect to 7.
Thus, the singularity in origin is eliminated, and ©(0,0) = 4. Moreover, applying the

regularization transformation (11) to the expression of the Jacobi integral (8) yields the



regularized Jacobian integral [29]
C =)+ (v)? = 2Q(u,v) (16)

Another useful observation pertains to the regularized velocity of the collision trajectories

crossing the origin, which satisfies
u'(0)? +'(0)? =8 (17)

The collision angle « is defined as the angle of the fictitious velocity vector with respect
to the w-axis. Hence, the velocity components in the regularized coordinates can be
expressed by

u'(0) = V8cos(a), v'(0) = V8sin(a) (18)

3 Numerical Search

The identification of collision trajectories in the HCR3BP requires a systematic numer-
ical search, due to the absence of analytical solutions. A direct, forward integration
approach is computationally inefficient, as it requires a trial-and-error search over a large
four-dimensional space of initial conditions. A more efficient way is to use backward
integration.

To find collision trajectories, the numerical integration starts precisely at the origin of
the system, a strategy that is possible due to the Levi-Civita regularization. This reduces
the search space for initial conditions to only two parameters: The Jacobi constant C'
and the collision angle a, as given in Eq. (18).

A systematic grid search was performed over this two-dimensional parameter space.
The Jacobi constant was varied from C' = 3.5 to C = 4.3, a range where the ZVC
are open. The collision angle was varied from o = 0O[deg] to 179 [deg]. Due to the
inherent symmetries of the Hill problem as given by Eqgs. (9), this range covers all unique
trajectory geometries. For each pair (C, «), the regularized equations of motion (13) were
numerically integrated using an eighth-order explicit Runge-Kutta solver, with adaptive

step-size control [34]. Table 1 shows the values used in this numerical search.

Parameter Value

Jacobi constant range 3.5,4.3]

Collision angle range [0, 179]deg

Jacobi constant search interval 0.01

Collision angle search interval 0.1 deg

Final fictitious time 10 (dimensionless)
Initial velocity magnitude (u — v plane) V8

Table 1: Parameters for the numerical search



In addition to terminating the integration at a maximum fictitious time, 7,1, two
event-based termination conditions were implemented to improve computational effi-
ciency and ensure the physical validity of the trajectories.

First, the backward integration was terminated if a trajectory reached a large bound-
ary in the regularized plane, defined by vu2 + v = 3. Because the HCR3BP is a local
approximation, trajectories that travel this far from the secondary are considered phys-
ically invalid. Second, trajectories that returned to the origin of the regularized frame,
(u,v) = (0,0), were omitted. In the context of backward integration from a collision, a
return to the origin represents a trajectory that connects one collision to another without
ever leaving the immediate vicinity of the secondary. Physically, these are purely local
orbits that do not cross the Hill sphere boundary and thus do not qualify as escaping
trajectories [20].

3.1 Mission Design Considerations

The dynamical framework of Hill’s problem is applicable to multiple celestial systems
including the Mars-Deimos system. To investigate trajectories within this system, it is
necessary to identify the subset of solutions that are constrained to a single collision with
Deimos. Although Deimos is highly nonspherical, for this procedure, the mean radius of
Deimos was used, as given in Table 2, which shows the physical and dynamical properties

of the system We refer to the single-collision criterion as Criterion 1.

Parameter Value

Physical Properties

Mass of Mars M 6.4169 x 10?3 kg

Mass of Deimos m 1.4413 x 10 kg

Mean radius of Deimos Rpeimos 6.27 km

Deimos fit ellipsoid 8.04 x 5.89 x 5.11 km
Deimos Orbital Parameters

Semi-major Axis a 23,457.5 km

Eccentricity e 0.0003

Orbital Period T 1.09 x 10° s (~ 30.3 hr)

Physical Constant

Newtonian constant of gravitation G 6.67430 x 10_111(2%

Table 2: Physical and dynamical parameters for the Mars-Deimos system

Another criterion for removing infeasible trajectories was applied based on the estab-
lished principle that, in the CR3BP, transient orbits must pass through the vicinity of the
equilibrium points [19]; we refer to this criterion as Criterion 2. Because the HCR3BP

is a limiting case of the CR3BP, the same principle applies. Therefore, any simulated



trajectory that did not pass the vicinity of L; or Ly, ( |Zmaee| < (1/3)1/3) was considered
physically infeasible, and was removed from the final analysis.

We use the term applicable trajectories for trajectories the follows both criterion 1 (the
single-collision criterion), and Criterion 2 (passing through the vicinity of the equilibrium
points).

Figure 4 shows the number of applicable trajectories as a function of the Jacobi
constant. As can be seen in Fig. 4, for an increment of 0.1 deg, no escape trajectories
were found for C' > 3.79. Moreover, C' = 3.76 provides a unique combination of a large
number of collision trajectories with a relatively low amount of energy, rendering this

Jacobi constant useful for further investigation.
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Figure 4: Number of applicable trajectories as a function of the Jacobi constant

Figure 5 illustrates the applicable trajectories corresponding to C' = 3.76 in the reg-
ularized u — v plane and the Hill plane for different a values. While « in the regularized
frame is angle without a significant physical meaning, it is utilized herein for identifying
each trajectory. Both the regularized and Hill coordinates provide general solutions for
the HCR3BP, independent of the Mars-Deimos system properties.

To weigh in the physical properties of the Mars-Deimos system, we establish an ad-

ditional reference frame called the Deimos Rotating Frame (DRF). This frame clearly

10
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Figure 5: applicable trajectories for C' = 3.76
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illustrates the trajectories by employing the physical parameters of the system given in

Table. 2. In this frame, we have

Wl

0.724 km (19a)

apsT ~ 3
7 =~ 30.72y km (19b)
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~b
Il
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Figure 6 depicts the collision trajectories in DRF for C' = 3.76. For this plot, Deimos’
mean radius, listed in Table 2, was taken into account.
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Figure 6: applicable trajectories in the Deimos rotating frame for C' = 3.76.

3.2 Poincaré Map

A Poincaré map constitutes an essential tool in the analysis of dynamical systems, as it
reduces the continuous flow into a discrete map. This is accomplished by designating a
lower-dimensional SoS, and tracking the sequence of points where trajectories repeatedly
intersect. The geometric pattern formed by these intersection points discloses the under-
lying dynamics, distinguishing between periodic, quasiperiodic, and chaotic behaviors.
Moreover, this map offers the phase distribution of intersecting trajectories, enabling the

isolation of the region in phase space wherein collision trajectories occur. In the current

12



endeavor, we use the same numerical integration scheme described previously (cf. Table
1) to compute the Poincaré map for several SoS of interest.

We define two subspaces in the four-dimensional phase-space of the system (z,y, &, 9)

RY : (z,y,9), R} : (z,y,) (20)

The procedure includes a numerical Poincaré map generation for the Hill problem with
a Jacobi constant of C' = 3.76. It generates 1800 trajectories by integrating the regularized
equations of motion, Eq. (13) backward in time from collision initial conditions, recording

the intersection points with five predefined surfaces at

xi:{—l,—<é>é70, (%)1} (21)

for each of the predefined subspaces given by Eq. (20). The list of the complete set of
SoS is given by

20 (-1Ly,y) eRY Yot (—1,z,4) € R (22a)
(1)} 1\ 3 (1)} 1\ 3
zy.(3> : (- (g) yy> € R} 255(9 : (- (g) ;m:) € R} (22b)
¥ (0,y,9) € R Y0 (0,2,4) € RS 22
Y ( 7yvy)e 1 x.(,.T,l’)e 2 ( C)
1 1 1 1
1\3 1\3 1\3 1\3
2353) : ( g) ,y,y’) € R} 29(63) : <(§> ,x,x’) € R} (22d)
Sy (Ly,y) € R Si: (1, z,d) € RS (22¢)

The algorithm visualizes the phase-space by generating two-dimensional Poincaré
maps (y-y and y-2) and a three-dimensional representation of the trajectories in phase
space with points color-coded, corresponded to «, which serves as an identification for
each trajectory. Figure 7 illustrates the arrangement in the phase space for each SoS.
Figure 7a displays Zgi € R} and, Figure 7b presents the configuration of ¥5* € R3. The

following Figures depict the Poincaré map in each one of the following SoS: Figure 8
()3
shows the Poincaré map at X L and E;l; Fig. 9 shows the Poincaré map at X, ()7 and
()3
¥, (3)3; Fig. 10 shows the Poincaré map at ¥y & X9; Fig. 11 shows the Poincaré map at
»(5)

Yy

ol

and E;%)%; and Fig. 12 shows the Poincaré map at X and Xj.

Each figure illustrates the density of initial conditions on a given SoS that result in
collision trajectories with the secondary. By identified the dense regions in each map, one
can determine which trajectories are less sensitive to small perturbations, thus rendering
those trajectories more robust.

The inherent symmetries of the Hill problem (Eqs. (9)) result in a distinct anti-

symmetry across the Poincaré maps. This behavior is demonstrated by comparing Fig. 8

13



to Fig. 12, and Fig. 9 to Fig. 11. The central region, shown in Fig. 10, also exhibits this

characteristic.

4 Minimal Impact-Speed

One may consider several methods to determine a collision trajectory that is optimal in
some sense. One consideration involves identifying a trajectory that minimizes the impact
speed, ultimately leading to reduced fuel consumption for the final rendezvous maneuver
with the secondary, while guaranteeing soft landing. To find the minimal impact-speed
trajectory, a linear interpolation was used to find the collision speed in each direction,
denoted by X,Y in the DRF as given in Eq. (19), for each of the applicable trajectories.
As previously mentioned, Deimos is highly nonspherical; however, for the purpose of this
study, the mean radius of Deimos was used. (cf. Table 2). Subsequently For each one of
the trajectories, the impact speed ||V = v/ X2 4+ Y2 was derived.

Figure 13 depicts the relationship between a and the impact speed ||V||. It was found
that the optimal trajectory in the sense of minimizing the impact speed had an aspect
angle o = 79.7deg, and a final speed of ||V|| = 4.4272m/s. Figures 14a, 14b, and 15
depict the trajectory in the regularized u — v coordinates, Hill’s coordinates, and the

physical rotating frame, respectively.

5 Summary and Conclusions

This research found trajectories that collide with the secondary body within the frame-
work of Hill’s circular restricted three-body problem (HCR3BP). The study first estab-
lished the theoretical foundation by reviewing the general Circular Restricted Three-Body
Problem (CR3BP) and detailing the assumptions that lead to Hill’s formulation of the
CR3BP. Subsequently, key properties of the mathematical model were presented and dis-
cussed, including the Jacobian integral, equilibrium point and the zero-velocity curves.

In the next part of the investigation, we aimed to numerically determine the collision
trajectories. This numerical process involved integrating backwards in a regularized ficti-
tious time variable from the point of collision, in order to identify initial conditions that
would lead to a collision with the secondary. The collision orbits we identified were filtered
out to include only the physical trajectories (applicable trajectories) that corresponded
to the problem statement.

An important conclusion is that the Jacobi integral C' = 3.76 represents a distinct sce-
nario wherein a relatively small amount of energy leads to numerous collision trajectories.
Poincaré maps clearly detect the region in phase-space that generates collision trajecto-
ries. In the final section of this investigation, we focused on identifying the optimal

trajectory in terms of the Minimal impact velocity for C' = 3.76. Through the process,

14



(a) Phase space configuration of ¥ € R$

(b) Phase space configuration of X5 € R}

Figure 7: Three-dimensional Poincaré sections for C' = 3.76.
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Figure 8: Poincare SoS for # = —1 and C' = 3.76 (3;'&X; ).
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Figure 10: Poincaré SoS for x = 0 and C' = 3.76.
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Figure 12: Poincaré SoS for x = 1 and C' = 3.76.
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Figure 13: a as a function of the Impact speed for C' = 3.76.

we successfully identified that o = 79.7 deg, results in a final velocity of ||V|| = 4.4272

2, which was the lowest impact velocity for the entire applicable subset of trajectories.

6 Future Work

Future work will incorporate more realistic dynamics, taking into an account the effects of
the solar radiation pressure, the oblateness of Mars, and the highly-nonspherical shape of
Deimos. Another possible study is to extend the analysis to three dimensions. Moreover,
future work will identify the optimal trajectory in terms of minimizing sensitivity to
initial conditions using global search algorithms (e.g. Genetic Algorithms). Finally,
low-thrust closed-loop guidance laws, suitable for steering a spacecraft onto soft landing
collision trajectories based on the identified optimal trajectory, will be designed, enabling

autonomous landing on the Martian moon.
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